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a b s t r a c t

The main purpose of this study is to propose a simple computational computing procedure in order to
predict the global behavior of high-strength concrete beams under pure torsion.

A computational procedure was developed and validated for normal-strength concrete beams and
presented in a previous study. This procedure is revised and corrected in this article so that high-strength
concrete beams can also be covered. Theoretical predictions are compared to some experimental results
available in the literature.

It is shown that the proposed computing procedure gives good predictions for the global behavior of
high-strength concrete beams with hollow rectangle cross sections under pure torsion.

© 2011 Elsevier Ltd. All rights reserved.
1. Introduction

In recent decades, high-strength concrete (HSC) or high
performance concrete became a competitive material in many
situations and its use has increased.

HSC possesses some characteristics and properties that may
differ from the ones of normal-strength concrete (NSC) [1].
Such differences become more and more important as strength
increases. Experimental tests with non-reinforced HSC elements
have, for example, shown that such elementsmay inmany cases be
characterized by their linear elastic behavior up to stress levels that
go close to maximum stress. Therefore, the HSC stress (σ )–strain
(ε) curve decreases at a much greater rate than the corresponding
NSC curve and thus shows the greater brittleness of HSC when
compared to NSC.

However, several studies carried previously on HSC beams
under flexure [2–7] have shown that the low deformability of
HSC does not necessarily result in a low deformability of the
correspondent structural members. Shear and torsion failures are
normally associated with brittle behaviors. However, shear and
torsionmay not necessarily lead to brittle failures. A good choice of
longitudinal and transversal reinforcement will induce some shear
ductility. Cladera and Marí have recently studied shear failures
in beams with and without stirrups [8–10] and they proposed a
simplified shear design method to be used in codes. There are
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not many research works on torsion of concrete beams. Some
of the recent published works deal with the complex algorithms
of theoretical computing of concrete structures [11–13]. This
article aims to find a simple algorithm, that would allow the
prediction of the behavior of reinforced concrete (including HSC)
sections under pure torsion up to failure, with special attention
to T (Torque)–θ (Twist) relationships. At this point, it should be
mentioned that the authors of the current article have already
proposed a first calculation procedure, elaborated and validated
only for NSC beams [14]. This paper described the different
theoretical models and criteria used to characterize the states
of behavior within a theoretical analysis to torsion applied to
NSC beams with rectangular cross sections (plain and hollow).
A computing procedure was also developed – with the help of
spreadsheet EXCEL and using VBA (Visual Basic for Applications) –
to predict the behavior of the beams referred above. Bernardo and
Lopes [15] showed that this computing procedure does not give
good predictions when applied for HSC beams under torsion. Thus,
a new theoretical approach is presented in this paper in order to
include HSC beams.

The theoretical approach divides the whole loading history into
three regions (states). Each state identifies a particular type of the
behavior of beams under torsion as observed in experimental tests.
Such states can been characterized as follows:

– linear elastic analysis in non-cracked state (State I): Theory of
Elasticity, Skew-Bending Theory and Bredt’s Thin Tube Theory;

– linear elastic behavior in cracked state (State II): Space Truss
Analogy with a 45° angle for concrete struts, taking into
consideration the linear behavior of materials;
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Fig. 1. Typical T–θ curve for a reinforced concrete beam under torsion.

– non-linear analysis: Variable Angle TrussModel (VATM), taking
into consideration the non-linear behavior of materials and the
Softening Effect.

The general approach of the model and computing procedure is
not new but it had to be revised and corrected in this article in
order to incorporate, for instance, the recent constitutive laws for
HSC. The theoretical predictions obtained from the new computing
procedure are compared to some results available in the reference
literature of experimental tests addressing trials of pure torsion
applied to HSC beams.

2. Theoretical idealization of the T–θ curve

For reinforced concrete beams under pure torsion up to failure
(beams with current torsional reinforcement ratio), a typical T–θ
curve (Fig. 1) can be idealized, resulting from the observation
of experimental tests. In such a curve three zones can be
distinguished which correspond to the diverse behavior states
illustrated in Fig. 1 (Zones 1–3).

The characteristic parameters to characterize the T–θ curve are
the following (see Fig. 1):

Tcr = cracking torque;
θ I
cr = twist corresponding to Tcr for the final part of Zone 1

(linear elastic analysis in non-cracked state);
θ II
cr = twist corresponding to Tcr for the initial part of Zone 2.b

(linear elastic analysis in cracked state);
Tly; Tty = torque corresponding to yielding of torsional rein-
forcement (longitudinal and transversal, respectively);
θly; θty = twist corresponding to Tly and Tty, respectively;
Tr = maximum torque;
θTr = twist corresponding to Tr ;
(GJ)I = torsion stiffness in Zone 1 (linear elastic analysis in non-
cracked state);
(GJ)II = torsion stiffness in Zone 2.b (linear elastic analysis in
cracked state).

Zone 1 corresponds to the behavior zone of the beam before
cracking torque (State I) and may be characterized by means
of a linear elastic analysis in non-cracked state. The theoretical
models adopted to characterize Zone 1 were based on the Theory
of Elasticity, Skew-Bending Theory and Bredt’s Thin Tube Theory.

Zone 2 corresponds, for its larger part (Zone 2.b), to the behavior
zone in cracked state (State II) up to the point in which it is no
longer possible to consider the elastic behavior of materials. Zone
2.a corresponds to a sudden increase of twist for constant torque
that equals Tcr . This zone is more easily observed in beams with
plain sections. The characterization of the beam in State II is made
by means of a linear elastic analysis in cracked state. The model
adopted to characterize Zone 2.b was based on the Space Truss
Analogy with concrete struts at an angle of 45° and taking into
consideration the linear behavior of the materials.

From the point when at least one of the torsion reinforcement
(longitudinal or transversal) starts to yield (beginning of Zone 3
of Fig. 1) or when the compression concrete struts start to behave
nonlinearly due to the high stress level, the linear elastic behavior
in State II is no longer valid. The model adopted to characterize
Zone 3 was based on the VATM, taking into consideration the non-
linear behavior of materials and the Softening Effect.

In a previous study published by the authors [14], the
three zones of behavior identified in the T–θ curve of Fig. 1
were separately characterized and criteria were established to
accomplish transition within the three zones of behavior in a way
that the theoretical T–θ curve could be drawn in its entirety.
From this point onwards, a computing procedure (with the help of
spreadsheet EXCEL and using VBA) was developed to forecast the
global behavior of NSC beamswith plain and hollow cross sections.
The computing procedure was compared to results of tested
beams under pure torsion that could be found in literature. Such
comparative analyses allowed the validation of the computing
procedure.

In the following section, the theoretical models are reviewed
and modified in order to include HSC beams under torsion.

3. Theoretical models of analysis

3.1. Linear elastic behavior in non-cracked state (State I)

The application of the Theory of Elasticity, Skew-Bending
Theory or Bredt’s Thin Tube Theory to characterize linear elastic
analysis in State I (non-cracked state) of beams under pure torsion
is valid for NSC and HSC beams. In fact, the only aspect that differs
from NSC to HSC is the concrete, characterized by its mechanical
parameters, namely: concrete strength in compression, average
concrete strength in tension or modulus of rupture and Modulus
of Elasticity. In most cases, such parameters are estimated. Recent
proposals or recommendations (including codes that have already
incorporated HSC) may be used.

Table 1 summarizes the original equations of the 3 referred
theories to calculate the twist per unit length (in Rad/m), θ , and
the cracking torque, Tcr , for both plain and hollow rectangular
sections (Eqs. (1)–(4)). In Table 1, no equations are presented in
order to calculate the cracking torque from the theory of elasticity.
In a previous study [14] the authors have shown that, for hollow
sections, the theory of elasticity do not provide good predictions
for the cracking torque. Since only experimental results for HSC
hollow beamswill be used for the comparative analysis (Section 4),
the referred option is justified.

In Eq. (1) (Table 1) the torsional reinforcement can be neglected
when computing torsional rigidity (GJ)I with Theory of Elasticity.

To compute the concrete young modulus (Ec), the proposal
equation Ec = Eco[(fck + 1f )/fcmo]

0.3 by Taerwe [17] from the
European code forHSC (fck ≥ 50MPa)will be used. In this equation,
1f = 8 MPa, Eco = 22 GPa, fmo = 10 MPa and fck is the
characteristic value of the concrete strength in compression.

For non reinforced concrete beams, the maximum torque
Tnp may be calculated through Skew-Bending Theory for non
reinforced NSC beams with plain section (Hsu in 1984 [18]), as
presented in Table 1 (Eqs. (2) and (3)). Tnp can be assumed as
Tcr for reinforced concrete beams (neglecting the influence of the
reinforcement).

Tcr may also be calculated bymeans of Bredt’s Thin-Tube Theory
for tubular sections (Hsu and Mo in 1985 [19]), as also presented
in Table 1 (Eq. (4)).
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Table 1
Equations for elastic non cracked state (State I).

Twist per unit length, θ Cracking torque, Tcr
Theory of elasticity Skew-Bending Theory [18] Bredt’s Thin-Tube Theory [18,19]

θ I
cr =

Tcr,ef
K(GJ)I

=
Tcr,ef
K I
t

(1)

Rectangular plain section: Rectangular hollow section:
Tcr = Tnp = 7690.5y(x2 + 10) 3


f ′
c (2) Tcr = 166.1Ac t(2.5


f ′
c ) (4)

Rectangular hollow section: Rectangular plain section:
Tcr = 7690.5(x2 + 10)y 3


f ′
c (4h/x) for h ≤ x/4 (3) Eq. (4) with t = 1.2Ac/pc

If h > x/4 then h = x/4

Effective cracking torque
Tcr,ef = (1 + 4ρtot)Tcr (5) ρtot = ρl + ρt (6) ρl =

Al
Ac

(7) ρt =
At ut
Ac s

(8)

where:
f ′
c = average compressive concrete strength;
K = correcting factor (K ≈ 0.7 to 1) to take into account the loss of stiffness observed in experimental tests [16];
G = Shear modulus (G = Ec/[2(1 + ν)]);
Ec = Young Modulus of concrete;
ν = Poisson coefficient (ν ≈ 0.2 in State I);
J = stiffness factor computed from St. Venant’s Theory (J = βx3y and J = 4A2h/u for rectangular plain and hollow section, respectively);
x, y = minor and major external dimension of the plain section, respectively (Fig. 2);
x1, y1 = minor and major dimension, respectively, referred to the center line of the walls of the hollow section (Fig. 2);
β = a St. Venant’s coefficient;
A = area limited by the center line of the wall of the hollow section (A = x1y1);
Ac = area limited by the outer perimeter of the hollow section (Ac = xy)
u = perimeter of area A (u = 2x1 + 2y1);
pc = perimeter of the outer line of the section (u = 2x + 2y);
h; t = wall thickness of the hollow section (Fig. 2);
Al = total area of the longitudinal reinforcement;
At = area of one leg of the transversal reinforcement;
s = longitudinal stirrups’ spacing;
ut = perimeter of the center line of the stirrups.
In their original form, the equations from Skew-Bending Theory
and Bredt’s Thin Tube Theory to calculate cracking torque are
in imperial units (f ′

c in psi, x and y and pc in in., Ac in in.2). To
facilitating reading, all the equations were written in metric units
(f ′
c in MPa, x and y and pc in m, Ac in m2).
The expressions of the Skew-Bending Theory to calculate

cracking torque incorporate the modulus of rupture of concrete
proposed by Hsu [20] for torsion in correlation with the concrete
strength in compression and the lesser dimension of section x (fc
in MPa, x in m):

fr = 0.027

1 +

10
x2


3

f ′
c . (9)

No published studies that would update Hsu’s equation (9) were
found. Such update is carried out in the current article. It is based
on the correction of the modulus of rupture for NSC. In order
to incorporate HSC, Rangan [21] proposed that the equation of
the modulus of rupture should be maintained unchanged in 1995
American Code (this was maintained in later versions of the code).
Accordingly, the expression of the Skew-Bending Theory should
not be changed since the modulus of rupture was not changed.

A similar problem can be found in Bredt’s Thin Tube Theory,
since the corresponding equation depends on a percentage of the
modulus of rupture.

However, based on the results of a series of trials that the
authors [15,22] carried on HSC hollow beams, it could be observed
that not changing the expressions either in the Skew Bending
Theory or in Bredt’s Thin Tube Theory led to an overestimate (a
15%–20% overestimate) of the cracking torque. Therefore, Rangan
proposal [21] of to not change the equation for the normalmodulus
of rupture of HSC seems not to be valid for cracking torque. In the
case of cracking torque, the authors of the current article propose
that the equations that incorporate the modulus of rupture should
be modified by introducing a decreasing factor of 0.85 when fck =

50 MPa.
Therefore, Eqs. (2)–(3) (Table 1) should be corrected multiply-

ing them by 0.85, thus resulting (f ′
c in MPa, x and y and pc in m, Ac
Fig. 2. Geometrical parameters for plain and hollow section.

in m2):

Tcr = Tnp = 6537.0y(x2 + 10) 3

f ′
c (plain section) (10)

Tcr = 6537.0(x2 + 10)y 3

f ′
c (4h/x) (hollow section). (11)

Accordingly, for Bredt’s Thin Tube Theory it results thus (hollow
section—Eq. (4)) (f ′

c in MPa, x and y and pc in m, Ac in m2):

Tcr = 141.2Ac t(2.5

f ′
c ). (12)

Some research studies show that torsion reinforcement does delay
the cracking point. In 1968, Hsu [23] showed that the effective
cracking torque, Tcr,ef , may be computed by relating Tcr and the
total torsional reinforcement ratio of the beam, ρtot, the sum of
the longitudinal (ρl) and transversal (ρt) reinforcement ratios (see
Eqs. (5)–(8) in Table 1).

3.2. Linear elastic behavior in cracked state (State II)

The torsional stiffness after cracking ((GJ)II) for a concrete beam
was proposed by Hsu in 1973 [24]. Hsu applied the concept of
Bredt’s Thin-Tube Theory, by assuming the beam as a reinforced
concrete tube with constant thickness. To predict the cracking
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Fig. 3. Variable angle truss-model.
Table 2
Equations for elastic cracked state (State II).

Torsional stiffness (GJ)II [24]

Rectangular section:
GII

=
Es

4n+ uhe
Ac ρl

+
uhe
Ac ρt

(13) J II =
4A2he

u (14) he = 1.4(ρl + ρt )x (15)

Tc = 26.6x2y(2.4

f ′
c ) (16) η = 0.57 + 2.86 h/x (17)

(for plain section η = 2)

Torsional reinforcement ratios:
ρl =

Al
Ac

(18) ρt =
At u
Ac s

(19)

where:
f ′
c = average compressive concrete strength;
n = Es/Ec ;
Ec = Young Modulus of concrete;
Es = Young Modulus of the reinforcement;
x, y = minor and major external dimension of the plain section, respectively;
x1, y1 = minor and major dimensions of the rectangular area defined by the center
lines of the stirrups, respectively;
A = area limited by the center lines of the stirrups (A = x1y1);
Ac = area limited by the outer perimeter of the hollow section (Ac = xy);
h = wall thickness of the hollow section;
he = effective wall thickness of the hollow section;
Al = total area of the longitudinal reinforcement;
At = area of one leg of the transversal reinforcement;
s = longitudinal stirrups’ spacing;
u = perimeter of the center line of the stirrups (u = 2x1 + 2y1).

behavior, the concrete tube may be idealized through the spatial
truss analogy proposed by Rausch. Using this analogy Hsu in
1973 [24] derived equations to compute the torsional stiffness
(GJ)II of rectangular sections (Eqs. (13) and (14) in Table 2).

For the uniform thickness of the concrete tube’s wall, Hsu [24]
proposed the consideration of an empirical value as the effective
thickness, he (Eq. (15) in Table 2).

From experimental tests, Hsu [24] found that the interception
of the post cracking straight line of the T–θ curve (Fig. 1) with
the vertical axis could be obtained from ηTc , being η an empirical
coefficient and Tc a torque level carried by the concrete (Eqs. (16)
and (17) in Table 2). In Table 2, Tc a is calculated with f ′

c in MPa, x
and y in m.

The result of Tc from Eq. (16) (Table 2) depends proportionally
on the modulus of rupture. Therefore, the equation of Tc should
also be corrected in accordance with what in the previous section
was established for HSC, thus the 0.85 decreasing factor should be
used (f ′

c in MPa, x and y in m):

Tc = 22.6x2y(2.4

f ′
c ). (20)

For HSC, the concrete Young Modulus may be calculated in
accordance with what was presented in the previous section.
3.3. Transition between linear elastic analysis in non-cracked and
cracked states

The same criteria established and validated for NSC beams by
the authors in an earlier paper [14] for the transition between
the two early states of behavior will be adopted for HSC beams.
Fig. 1 shows the typical theoretical T–θ curves for linear elastic
uncracked and linear elastic cracked states (Zones 1 and 2).

It should be noted that the horizontal line of the transition from
non cracked to cracked states is hardly observed in tests of hollow
beams. For this type of beams, the value θ II

cr − θ I
cr is normally very

small or zero.

3.4. Non-linear analysis

When the steel yields or the concrete shows a nonlinear
behavior, a nonlinear analysis should be carried. In this study, for
the non linear state, the VATM (Fig. 3) was used and the Softening
Effect was taken into account.

The computation of the theoretical T–θ curve from the
VATM [18,19] (Fig. 3) requires 3 equilibrium equations to deter-
mine the torque, T , the effective thickness, td, of the equivalent
tubular section and the angle of the inclined concrete struts, α,
from the horizontal axis of the beam (Eqs. (21)–(23) in Table 3).
The VATM [18,19] also needs 3 compatibility equations to compute
the strains of the transversal reinforcement, εt , the strains of the
longitudinal reinforcement, εl, and the twist, θ (Eqs. (24)–(26) in
Table 3).

The stress of concrete diagonal struts, σd, is defined as the
average stress of a non-uniform compression stress diagram on
concrete strut (Fig. 4). In Fig. 4, parameters A, B, and C , correspond
respectively to maximum stress, average stress and the stress
diagram resultant.

To characterize compression concrete diagonal struts a σd–εd
relation is adopted taking into account the unfavorable effect
of the Softening Effect. Such a relationship changes when one
switches from NSC to HSC. For that recent experimental studies
on HSC members under shear will be considered. From 1992
onwards Zhang [25–27] has been establishing the constitutive
laws for medium to HSC under membrane stress. Zhang found out
that the σd–εd relationship of compressed concrete for medium
to HSC panels was rather different from that obtained from the
cylindrical tests. This is obviously due to cracking caused by
tension stresses in a perpendicular direction to the compression
field (Softening Effect). Table 3 presents the equations proposed
by Zhang to characterize the softened σd–εd curve (Fig. 5) based
on experimental tests on HSC panels under shear (Eqs. (27) and
(28) in Table 3). To take into account for the softening effect,
reducing factors of maximum stress in concrete (ζσo ) and the
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Fig. 4. Strains and stresses in cross-section concrete struts.
Table 3
Equations for non-linear analysis.

Variable angle truss model with softening effect

Equilibrium equations [18,19]:
T = 2Aotdσd sinα cosα (21) cos2 α =

Al fl
poσd td

(22) td =
Al fl
poσd

+
At ft
sσd

(23)
Compatibility equations [18,19]:

εt =


A2oσd

poT tgα
−

1
2


εds (24) εl =


A2oσd

poTcotgα
−

1
2


εds (25) θ =

εds
2td sinα cosα

(26)

Equations for σd–εd curve [25–29]:

fd = ζσo f
′
c

[
2


εd

ζεo εo


−


εd

ζεo εo

2
]

if εd/ζεoεo ≤ 1 (27)

fd = ζσo f
′
c

[
1 −


εd/εo−ζεo

2−ζεo

2
]

if εd/ζεoεo > 1 (28)

ζσo =
0.9√

1+Kf εlo
(29) ζεo =

1.0
√
1+400εlo

(30) εlo ≈ εdt = εl + εt + εd (31)

For NSC (up to 62 MPa) [26]: Kf =
640
η′ (32) η′

= min

η

1/η


(33) η =

ρt ft
ρl fl

=
At uft
sAl fl

(34)

For HSC (up to about 90 MPa) [28]: Kf =
10f ′c
η

(f ′
c in MPa) (35)

For HSC (about 100 MPa) [29]: ζεo = ζσo = ζ =
5.8√
f ′c

1
1+ 400εlo

η′

(36)

Equations for the stress of concrete diagonal struts [18,19] (Fig. 4):

σd = k1ζσo f
′
c (37) A = ζσo f

′
c (38) B = k1ζσo f

′ (39) C = k1ζσo f
′
c td (40)

where:
Ao = area limited by the center line of the flow of shear stresses, which coincides with the center of the wall’s thickness, td;
σd = stress in the diagonal concrete strut;
εlo = principal tension strain corresponding to maximum stress;
εdt = tension strain in the perpendicular direction to diagonal strut;
εl = strain in the longitudinal direction;
εt = strain in the transversal direction;
εd = strain in the strut direction;
η = ratio between tension force in the transversal reinforcement and in the longitudinal reinforcement;
fl = longitudinal reinforcement stress;
ft = transversal reinforcement stress.
strain corresponding to maximum stress (ζεo ) were considered
(Eqs. (29)–(34) in Table 3). Table 3 also presents some proposals
from other authors, namely Wafa et al. [28] (Eq. (35) in Table 3)
and Garza [29] (Eq. (36) in Table 3), that will be used for the
comparative analysis in Section 4.

The ordinary steel is characterized by the usual bilinear
σ–ε curve with horizontal landing after the yielding of the
reinforcement.

It is now necessary to define the k1 parameter, to calculate
the stress of concrete diagonal struts (Eq. (37) in Table 3), which
corresponds to the quotient between average stress andmaximum
stress for the stress diagram of the concrete strut (k1 = B/A
according to Fig. 4). The k1 parameter is obtained by integrating
Eqs. (27) and (28) that describe the σd–εd curve illustrated in Fig. 5.
For that end one has to do separate calculations for the ascending
part, and for the descending part of the σd–εd curve. For ε ≤ ζεoεo,
starting from Fig. 6(a), and rewriting equation (27) as follows:

fd = ζσo f
′

c


2


εd

εp


−


εd

εp

2


with εp = ζεoεo (41)
Fig. 5. HSC concrete σd–εd curve with softening effect.

Area =

∫ εds

0
(Eq. (41)) dεd ⇔ k1ζσo f

′

c εds

=

∫ εds

0
(Eq. (41)) · · · ⇔ k1 =

εds

εp


1 −

εds

3εp


.



L.F.A. Bernardo, S.M.R. Lopes / Engineering Structures 33 (2011) 3702–3714 3707
(a) εds ≤ ζε0ε0 . (b) εds ≥ ζε0ε0 .

Fig. 6. Integration of σd–εd curve.
Therefore, when εds ≤ ζεoεo:

k1 =
εds

εp


1 −

εds

3εp


with εp = ζεoεo. (42)

For εds > ζσoεo, starting from Fig. 6(b) and rewriting Eq. (28) as
follows:

fd = ζσo f
′

c


1 −


εd − εp

2εo − εp

2


with εp = ζεoεo (43)

Area 1 + Area 2 =

∫ εp

0
(Eq. (41)) dεd +

∫ εds

εp

(Eq. (43)) dεd

⇔k1ζσo f
′

c εds =

∫ εp

0
(Eq. (41)) dεd +

∫ εds

εp

(Eq. (43)) dεd · · ·

⇔ k1 =

1 −
1

2
ζεo

− 1
2

 
1 −

1
3

εp

εds



+
1

2
ζεo

− 1
2

εds

εp


1 −

1
3

εds

εp


.

One concludes therefore that, when εds > ζεoεo:

k1 =

1 −
1

2
ζεo

− 1
2

 
1 −

1
3

εp

εds



+
1

2
ζεo

− 1
2

εds

εp


1 −

1
3

εds

εp


with εp = ζεoεo. (44)

For the non-linear stage it is also necessary to know εo and
εcu strains of concrete to compute the stress distribution on the
concrete struts. For HSC conventional values are different from
those of NSC. For the calculation of εo and εcu Eqs. (45) and (46),
respectively, may be used as proposed by Taerwe [17] when fck ≥

50 MPa:

εo = 0.001 × [2 + 0.005(fck − 50)] (45)
εcu = 0.001 × [2.5 + 2(1 − fck/100)]. (46)

Based on the results of experimental trials with HSC beams under
pure torsion to study the maximum torque and corresponding
deformation, Bernardo and Lopes [15] have demonstrated that
Zhang’s [25–27], Wafa’s et al. [28] and Garza’s [29] constitutive
laws, derived from trials with concrete members under shear,
when used to predict ultimate behavior of beams under pure
torsion, have overestimated deformations and maximum torques.
For load levels near to the maximum load, Bernardo and Lopes
have concluded that the models cannot predict the premature loss
of stiffness that has been experimentally observed in beams with
higher reinforcement ratios. In order to correct this, Bernardo and
Lopes proposed the adoption of additional reducing factors that
will also be used in the present study:

– 0.90 for the ζεo and ζσo factors;
– 0.75 for the εcu ultimate strain.

The iterative method for the calculation of the T–θ theoretical
curve points, from a nonlinear analysis, is illustrated in Fig. 7.

It is considered that the theoretical failure point of the beam
under torsion occurs when the maximum compressive strain on
the surface of concrete struts, εds (Fig. 4), reaches its conventional
value for failure point (εcu) or when tensile strain for the torsion
reinforcement, εs, reaches its conventional value for failure point
(εsu = 0.01).

3.5. Transition between linear elastic analysis in cracked state and
non-linear analysis

The same criteria established and validated for NSC beams by
the authors in an earlier paper [14] for the transition between the
two early states of behavior will be adopted for HSC beams.

Figs. 8 and 9 show the T–θ curve for the linear cracked state
and for the nonlinear state (Zones 2.b and 3 of Fig. 1) for the two
possible failure modes: ductile and fragile failure, respectively.

For the ductile failure (Fig. 8), it is assumed that the linear
cracked state is valid until one of the torsional reinforcement
(transversal or longitudinal) yields. After the transition point is
defined, 1θ is calculated (see Fig. 8), 1θ = θy − θ II

y . Then, the
nonlinear zone of the T–θ curve is horizontally shifted to the left
by 1θ to reset the continuity of the whole line.

Fig. 9 shows the procedure to do the transition when the
concrete in the struts reaches its ultimate strain before any of the
torsion reinforcement bars yields. The transition point is defined
from the slopes of both states: linear cracked and nonlinear (there
is a point when the slope of nonlinear state line equals the slope
of the linear state). This point is identified in Fig. 9 by TA. The
corresponding rotations are: θ II

A and θA. 1θ is the value of the
horizontal shift of nonlinear branch of the curve to the left to make
the whole line continuous.

4. Comparative analysis with experimental results

Based on the theoretical models and criteria described in
Section 3, a computing procedure was developed with the help
of spreadsheet EXCEL and the use of VBA for the theoretical
calculation of characteristic points and properties of the T–θ
curve for HSC beams under pure torsion. Such predictions will be



3708 L.F.A. Bernardo, S.M.R. Lopes / Engineering Structures 33 (2011) 3702–3714
Fig. 7. Flowchart for the calculation of T–θ curve.

compared to the experimental results available in the literature
consulted in reference to pure torsion of HSC beams.

Very few studies on HSC beams (reinforced concrete) under
pure torsion are available in literature. The publications by
Rasmussen and Baker [30,31], Wafa et al. [28] and Fhang and
Shian [32] are exceptions. All these studies comprise laboratory
programs testing only small rectangular plain beams.

The study published by Rasmussen and Baker [30,31] refers to
the trial under pure torsion of six plain HSC beams. Of all the six
beams, the authors referred above publish only the T–θ curve for
just one beam. The studypublished by Fhang and Shian [32] reports
tests of sixteen plain beams under pure torsion (eight HSC beams).
However, such beams are not considered for the purposes of this
study, since the authors only recorded average twist and, therefore,
concentrated rotations on the critical section cannot be derived
from tests. Wafa et al. [28] focused on beams with longitudinal
prestress, which falls outside the scope of this study.

As a consequence, the only tests results available for compar-
ison are the eleven hollow HSC beam, tested by the authors [15].
In these tests, the rotations were recorded in the failure zone of
the beams, which enabled comparative analysis with theoretical
predictions of the critical section. Themain characteristics of these
beams may be observed in Figs. 10 and 11.

Tables 4–7 shows the values for the comparison explained
above.

Table 4 summarizes the comparative analysis with reference
to the linear elastic analysis in non-cracked state (State I).
The experimental values of cracking torque (Tcr,exp) and the
experimental values of torsional stiffness ((GJ)Iexp) are given. The
same applies to the theoretical values of the cracking torque
using Skew Bending Theory (T SBT

cr,calc) and Bredt’s Thin Tube Theory
(T BTT

cr,calc). The theoretical values of the torsional stiffness in non-
cracked state ((GJ)Icalc), with the decreasing factor valued at K =

0.7 (as recommended by the authors for NSC hollow beams [14])
are also presented. The quotients between the experimental value
and the corresponding theoretical value of several parameters are
presented as well.

For the linear elastic analysis in non-cracked state (State I),
Table 4 shows that both Skew Bending Theory and Bredt’s Thin
Tube Theory provide good predictions for the cracking torque.
Therefore, the equations concerning to the modulus of rupture
of concrete must be modified for HSC beams under torsion, as
proposed by the authors. Based on the results of Table 4, it is
proposed that, for HSC hollow beams, Bredt’s Thin Tube Theory
must be used to calculate cracking torque. The authors consider
that this model provides a better physical understanding of the
torsion phenomenon for hollow beams. Therefore, this model will
be used for the global analysis carried out in the final of this section
through the T–θ curve.

Table 5 presents the comparison between theoretical predic-
tions and test results for linear elastic behavior in cracked state
(State II). The experimental values for the interception of the
post cracking straight line of the T–θ curve with the vertical axis
((ηTc)exp) and the experimental values for torsional stiffness in
cracked state ((GJ)IIexp) are given. The theoretical values computed
for the same parameters ((ηTc)calc and (GJ)IIcalc) are also given.

The values of Table 5 result from the modifying proposal
reflected by Eq. (16). This proposal also leads to a good prediction
for the interception of the post cracking straight line of the T–θ
curve for linear elastic analysis in cracked state (State II) with the
vertical axis (ηTc).

Table 5 does not present values for Beam B1 because this beam
had a premature sudden failure due to insufficient reinforcement
(the beam had a very low reinforcement ratio).

As for torsional stiffness in cracked state ((GJ)II), the predictions
proved to be also good. Beam C1 (Fig. 11) had also a low
reinforcement ratio and the failure was also fragile. Its behavior
was not too far from that of Beam B1. As a consequence, the
theoretical value for (GJ)II has not computed either.

Tables 6 and 7 present the comparative analysis concerning to
the non-linear state. Table 6 involves Eqs. (29) and (30), whereas
Table 7 involves (36) for the computing of ζεo and ζσo . Such
tables include the experimental values of the torque corresponding
to yielding of transversal and longitudinal reinforcement (Tty,exp
and Tly,exp, respectively) and of the ultimate torque (maximum)
(Tr,exp). The experimental values of twists corresponding to the
previously mentioned torques (θty,exp, θly,exp and θTr,exp) are also
given. Tables 6 and 7 also includes the values for the shift 1θ
that are necessary according to the established criterion for the
transition between the linear elastic phase in cracked state (State
II) and non-linear phase (as explained before) (Figs. 8 and 9).
Finally, Tables 6 and 7 also present the ratios of the experimental
to theoretical values as well as their corresponding average values
(Xm).
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Fig. 8. Transition from linear cracked state to nonlinear state—ductile failure.
Fig. 9. Transition from linear cracked state to nonlinear state—fragile failure.
Table 4
Comparative analysis for elastic non cracked state (State I).

Beam Section type Tcr,exp (kN m) T SBT
cr,calc (kN m) Tcr,exp

TSBTcr,calc
T BTT
cr,calc (kN m) Tcr,exp

TBTTcr,calc
(GJ)Iexp (kN m2) K = 0.7

(GJ)Icalc (kN m2)
(GJ)Iexp
(GJ)Icalc

B1 [15] Hollow 111.50 117.41 0.950 113.25 0.985 127275 148066 0.860
B2 [15] Hollow 116.72 124.31 0.939 118.32 0.986 151620 147994 1.025
B3 [15] Hollow 130.45 132.76 0.983 128.68 1.014 164696 153392 1.074
B4 [15] Hollow 142.93 140.30 1.019 136.56 1.047 117073 156043 0.750
B5 [15] Hollow 146.26 145.95 1.002 141.03 1.037 131387 155753 0.844
C1 [15] Hollow 117.31 120.15 0.976 119.70 0.980 167846 154120 1.089
C2 [15] Hollow 124.78 127.78 0.977 128.00 0.975 146638 157929 0.929
C3 [15] Hollow 131.94 131.61 1.003 131.08 1.007 118473 157556 0.752
C4 [15] Hollow 132.60 134.13 0.989 133.54 0.993 148257 157691 0.940
C5 [15] Hollow 138.34 139.72 0.990 140.42 0.985 156267 160907 0.971
C6 [15] Hollow 139.09 138.18 1.007 136.57 1.018 146962 156151 0.941
Xm 0.985 1.002 0.848
Table 5
Comparative analysis for elastic cracked state (State II).

Beam (ηTc)exp (kN m) (ηTc)calc (kN m) (ηTc )exp
(ηTc )calc

(GJ)IIexp (kN m2) (GJ)IIcalc (kN m2)
(GJ)IIexp
(GJ)IIcalc

B1 [15] – – – – – –
B2 [15] 115.35 114.26 1.010 5240.2 5080.6 1.031
B3 [15] 126.54 121.42 1.042 7831.4 8662.1 0.904
B4 [15] 118.44 126.69 0.935 11595.7 11274.7 1.028
B5 [15] 132.42 129.13 1.025 12762.8 13149.5 0.971
C1 [15] 119.46 118.29 1.010 1341.5 – –
C2 [15] 121.97 123.94 0.984 5310.7 5014.4 1.059
C3 [15] 122.33 123.58 0.990 8514.2 8883.9 0.958
C4 [15] 127.27 123.45 1.031 11280.8 11919.9 0.946
C5 [15] 109.22 127.97 0.853 14175.9 14267.1 0.994
C6 [15] 124.38 121.41 1.024 16538.8 17342.9 0.954
Xm 0.990 0.983
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Fig. 10. T–θ curves for Series B beams.
Table 6
Comparative analysis for nonlinear state (Eqs. (29) and (30)).

Beam 1θ (°/m) Tty,exp (kN m) Tty,calc (kN m) Tty,exp
Tty,calc

θty,exp (°/m) θty,calc (°/m) θty,exp
θty,calc

Tly,exp (kN m) Tly,calc (kN m) Tly,exp
Tly,calc

B1 [15] – – – – – – – – – –
B2 [15] 0.048 265.83 274.74 0.968 1.68 1.89 0.889 273.28 270.08 1.012
B3 [15] – – – – – – – – – –
B4 [15] – – – – – – – – – –
B5 [15] – – – – – – – – – –
C1 [15] 1.228 149.96 128.06 1.171a 1.13 0.22 5.136a – 130.68 –
C2 [15] 0.062 244.78 266.00 0.920 1.41 1.68 0.839 246.55 261.41 0.943
C3 [15] 0.015 347.65 – – 1.57 – – – – –
C4 [15] 0.038 – – – – – – – – –
C5 [15] 0.024 – – – – – – – – –
C6 [15] – – – – – – – – – –
Xm 0.944 0.864 0.978

Beam θly,exp (°/m) θly,calc (°/m) θly,exp
θly,calc

Tr,exp (kN m) Tr,calc (kN m) Tr,exp
Tr,calc

θTr,exp (°/m) θTr,calc (°/m) θTr,exp
θTr,calc

B1 [15] – – – – – – – – –
B2 [15] 1.79 1.76 1.017 273.28 274.74 0.995 1.79 1.89 0.947
B3 [15] – – – 355.85 394.83 0.901 1.78 1.87 0.952
B4 [15] – – – 437.85 439.14 0.997 1.61 1.67 0.964
B5 [15] – – – 456.19 469.84 0.971 1.53 1.56 0.981
C1 [15] – 0.31 – 151.76 131.36 1.155a 1.76 1.58 1.114a

C2 [15] 1.44 1.57 0.917 266.14 266.00 1.001 1.88 1.68 1.119
C3 [15] – – – 351.17 396.32 0.886 1.64 1.82 0.901
C4 [15] – – – 450.31 443.54 1.015 1.69 1.63 1.037
C5 [15] – – – 467.26 487.24 0.959 1.59 1.53 1.039
C6 [15] – – – 521.33 524.86 0.993 1.46 1.45 1.007
Xm 0.967 0.969 0.994
a Not used for computing Xm .
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Fig. 11. T–θ curves for Series C beams.
Table 7
Comparative analysis for nonlinear state (Eq. (36)).

Beam 1θ (°/m) Tty,exp (kN m) Tty,calc (kN m) Tty,exp
Tty,calc

θty,exp (°/m) θty,calc (°/m) θty,exp
θty,calc

Tly,exp (kN m) Tly,calc (kN m) Tly,exp
Tly,calc

B1 [15] – – – – – – – – – –
B2 [15] 0.083 265.83 275.75 0.964 1.68 1.91 0.880 273.28 271.21 1.008
B3 [15] – – – – – – – – – –
B4 [15] – – – – – – – – – –
B5 [15] – – – – – – – – – –
C1 [15] 1.161 149.96 129.76 1.156a 1.13 0.26 4.346a – 132.03 –
C2 [15] 0.008 244.78 267.79 0.914 1.41 1.71 0.825 246.55 263.16 0.937
C3 [15] – 347.65 – – 1.57 – – – – –
C4 [15] – – – – – – – – – –
C5 [15] – – – – – – – – – –
C6 [15] – – – – – – – – – –
Xm 0.939 0.853 0.973

Beam θly,exp (°/m) θly,calc (°/m) θly,exp
θly,calc

Tr,exp (kN m) Tr,calc (kN m) Tr,exp
Tr,calc

θTr,exp (°/m) θTr,calc (°/m) θTr,exp
θTr,calc

B1 [15] – – – – – – – – –
B2 [15] 1.79 1.77 1.011 273.28 275.75 0.991 1.79 1.91 0.937
B3 [15] – – – 355.85 393.37 0.905 1.78 1.87 0.952
B4 [15] – – – 437.85 437.89 1.000 1.61 1.67 0.964
B5 [15] – – – 456.19 467.55 0.976 1.53 1.55 0.987
C1 [15] – 0.33 – 151.76 132.13 1.149a 1.76 1.30 1.354a

C2 [15] 1.44 1.59 0.906 266.14 267.79 0.994 1.88 1.71 1.099
C3 [15] – – – 351.17 397.59 0.883 1.64 1.84 0.891
C4 [15] – – – 450.31 444.13 1.014 1.69 1.67 1.012
C5 [15] – – – 467.26 487.47 0.959 1.59 1.56 1.019
C6 [15] – – – 521.33 522.24 0.998 1.46 1.45 1.007
Xm 0.959 0.969 0.985
a Not used for computing Xm .
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Looking for some parameters (Tty, Tly, θty and θly) the predic-
tions look very acceptable.

For Tr and θTr, Tables 6 and 7 display good predictions in what
relates to experimental values.

In general, the use of reducing factors proposed by Bernardo
and Lopes [15] to correct reduction factors to take into account
the Softening Effect, as well as the ultimate strain for concrete
in compression, seems to be adequate for the prediction of the
ultimate behavior of hollow HSC beams analyzed in the present
study.

Figs. 10 and 11 present the T–θ curves for each beam of the
present study. Each figure includes the curve corresponding to
theoretical predictions as well as the experimental curve for each
Series B and C Beams. Bredt’s Thin Tube Theory was used to
characterize linear elastic behavior in non-cracked state (State I). In
curves of Figs. 10 and 11 the points corresponding to the cracking
as well as those corresponding to the yielding of the longitudinal
reinforcement (‘‘Asl’’) and of the transversal reinforcement (‘‘Ast’’)
of the beams are presented. For the calculation of ζσo and ζεo factors
only the curves relating to Eqs. (29) and (30) were presented since
the analysis of Tables 6 and 7 has shown that the results were too
close to those obtained with Eq. (36).

Beams B3 and C3 show some deviations from theoretical to
actual values in the final zone of T–θ curves. Such deviations may
be explained by the somehow premature failure of such beams
due to break off of concrete at the corners [15]. The theoretical
T–θ curves of Beams B1 and C1 (beams with the lowest torsional
reinforcement ratio) are typical of a brittle and premature kind
of failure due to insufficient torsion reinforcement. The absence
of a second phase of behavior makes the behavior more difficult
to predict. This might explain the higher differences between the
theoretical prediction and the experimental curve for these beams
when compared to the others.

In general, Figs. 10 and 11 show that the theoretical curves are
in good agreement with the experimental ones and this confirms
the conclusions from Tables 4–7.

5. Theoretical parametric analysis

This section presents a few behavior curves theoretically
obtained through the developed computing procedure based on
theVATM. The Softening Effect is taken into account to characterize
the non-linear state of behavior. The present paper also aims at
analyzing how concrete compressive strength influences various
parameters. For this purpose, Series A (NSC beams) tested by
Bernardo and Lopes [15] will be used. Such beams are similar
to Series B and C Beams, but differ from them in the concrete
compressive strength level.

Only the curves resulting from Eqs. (29) and (30) into the
models for the calculation of ζσo and ζεo factors are presented.

For some beams with similar torsion reinforcement ratios,
Fig. 12 illustrates how the concrete compressive strength influ-
ences the effective thickness of the wall of the hollow section, td,
with the maximum compressive strain at the concrete struts, εds.
The plot of td − εds curves starts with the first entry of εds into the
computing procedure.

Fig. 12 shows the little influence of concrete compressive
strength on td. Such influence appears to decrease as concrete
compressive strength increases. It can be observed that td also
slightly decreases for the same εds, as concrete compressive
strength increases. The fact that lesser td thickness is needed for
the equilibrium of the truss model might explain such behavior.
Finally, as concrete compressive strength increases, the td −

εds curves finish before, due to the decrease of the ultimate
design strains for the concrete in compression. In general, such
Fig. 12. Influence of concrete compressive strength on theoretical td − εds curves
(A5 : fcm = 53.1 MPa; B4 : fcm = 79.8 MPa; C4 : fcm = 91.4 MPa).

Fig. 13. Influence of concrete compressive strength on theoretical α − εds curves
(A5 : fcm = 53.1 MPa; B4 : fcm = 79.8 MPa; C4 : fcm = 91.4 MPa).

behavior is observed for all groups of beams with similar torsion
reinforcement ratios.

For the same group of beams of Fig. 12, Fig. 13 presents
how concrete compressive strength influences the concrete struts
angle, α, with the maximum compressive strain at the concrete
struts, εds. The plot of α − εds curves also starts with the first entry
of εds.

Fig. 13 shows the little influence of concrete compressive
strength on α. The α − εds curves also finish earlier as the concrete
compressive strength increases.

Fig. 14(a) and (b) illustrate the graphic and theoretical evolution
of ζσo and ζεo with the maximum compressive strain at the
concrete struts, εds, for Series B Beams [15]. The plot of ζσo − εds
and ζεo − εds curves starts with the first entries of εds.

Fig. 14 shows that, as maximum concrete compressive strain
at the struts surface, εds, increases, ζσo and ζεo decrease very fast
at the beginning and decrease very slowly for higher values of
εds. Within Series B Beams, ζσo and ζεo variation rates decrease
as torsion reinforcement ratio increases. However, the levels of
ζσo and ζεo are higher as the reinforcement ratio increases. The
different ζσo − εds and ζεo − εds curves tend to run almost parallel
to each other.

Fig. 15 illustrates how concrete compressive strength influ-
ences the evolution of maximum concrete compressive strain at
the struts surface, εds, with the angular deformation of the section,
θ . The εds–θ curves starts at origin (0; 0).

Fig. 15 shows how the concrete compressive strength slightly
influences the theoretical εds–θ curves. It should be stressed that
the εds–θ curves finish earlier as concrete the compressive strength
increases.

Fig. 16 illustrates how the concrete compressive strength
influences the evolution of longitudinal reinforcement strain, εl,
and of transversal reinforcement strain, εt , with the angular
deformation of the section, θ . The influence of the compressive
strength is very small. The curves finish earlier for higher
compressive strengths.
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Fig. 14. Theoretical ζσo − εds and ζεo − εds curves for Series B Beams (with Eqs. (29) and (30)) (B1 : ρtot = 0.30%; B2 : ρtot = 0.81%; B3 : ρtot = 1.33%; B4 : ρtot =

1.78%; B5 : ρtot = 2.21%).
Fig. 15. Influence of concrete compressive strength on theoretical εds–θ curves
(A5 : fcm = 53.1 MPa; B4 : fcm = 79.8 MPa; C4 : fcm = 91.4 MPa).

The various figures of this section shows that the influence of
the concrete strength on some of the studied parameters is small,
despite the large range of the concrete strengths covered in this
study (from 53.1 MPa to 91.4 MPa).

6. Conclusions

A comparative study between a proposed analytical procedure
and actual behavior of beams tested up to failure was carried out
for this article. The study coveredHSC beams under torsion and the
tested beams were hollow. For such beams, the main conclusions
are:

– as far as the cracking torque (Tcr ) is concerned, both Skew
Bending Theory and Bredt’s Thin Tube Theory give good
predictions. For HSC hollow beams, it is proposed that Bredt’s
Thin Tube Theory must be used to compute cracking torque
because this model provides a better physical understanding of
the torsion phenomenon for this kind of sections;
– With respect to the torsional stiffness in non-cracked state
((GJ)I), a 0.7 decreasing factor should be used (the same
decreasing factor was also recommended before by the authors
for NSC beams [14]);

– for the linear elastic behavior in cracked state (State II), the
adoption of a three-dimensional truss model with concrete
struts inclined by 45° still is a good simulation for the behavior
of beams. Particularly, the interception of the post cracking
straight line of the T–θ curve with the vertical axis (ηTc) and
the values for the torsional stiffness in cracked state—State II
((GJ)II) are very satisfactory;

– in the non-linear zone, results have shown that the use of VATM
taking into account the Softening Effect gives good predictions
for the ultimate behavior, both for the ductile or brittle types
of failure (the same applies for NSC beams, as mentioned in an
earlier article [14]).

In general, the computing procedure previously presented by the
authors for NSC beams [14] and validated also in this article for
HSC hollow beams seems to give good results both for NSC and
HSC beams under torsion. It should be noted that a correcting
factor of 0.85 should be considered when computing the modulus
of rupture in torsion (for HSC). A new σ–ε behavior relationship
for the concrete struts must also be introduced for HSC (based on
experimental results from tests on HSC concrete members under
shear). Correcting factors for ultimate parameters (0.90 for the ζεo
and ζσo factors and 0.75 for the εcu ultimate strain) should also
be considered. Despite the fact that no experimental results for
HSC plain beams were used for the comparative analysis, authors
expect that correction factorswill be also valid for HSC plain beams
since the purpose of this corrections is only to take into account for
the concrete strength.

The authors also studied how VATM (adopted for the non-
linear state) is influenced by some parameters (cross influence
of compressive strength with maximum compressive strain at
Fig. 16. Influence of concrete compressive strength on theoretical εl–θ and εt–θ curves (A5 : fcm = 53.1 MPa; B4 : fcm = 79.8 MPa; C4 : fcm = 91.4 MPa).
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the concrete struts surface, tensile strain at the longitudinal and
transversal reinforcement, effective thickness of the wall in the
hollow section). The authors commented the different types of
influence (normally the parameters did not have much influence).
It is interesting to remember that the compressive strength did not
have much influence on the values and the torsion reinforcement
ratio was clearly the most influential parameter.

It should be noted that the computing procedure does not
take into account the spalling effect that influenced lightly the
torsional resistance of some test beams. This is a limitation of the
model.

Finally, it should be stated that, due to the lack of valid
experimental results for HSC plain beams, it is not possible to
validate the presented theoreticalmodel only throughout thework
presented in this article for HSC hollow beams. Therefore, the
study on this subject must be carried on in order to be prove the
generalization of the model to all beams (including plain beams).
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