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a b s t r a c t

In this article, a study on the plastic behavior and twist capacity of High-Strength Concrete (HSC) hollow
beams under pure torsion is presented. The results of 16 tested beams are used to perform the plastic
analysis. The plastic twist capacity of the beams was studied by using a Plastic Trend Parameter (PTP).
This parameter was defined from the plastic local twist ‘‘versus’’ total twist curves of the test beams. It
was shown that PTP is a good parameter to reflect the degree of the experimental twist capacity of the
tested beams. The analysis with PTP shows that some plastic behavior of HSC hollow beams under torsion
exists but is very narrow. Two study variables were also considered: the concrete compressive strength
and the torsional reinforcement ratio. It is shown that PTP seems to decrease slightly as concrete strength
increases. It is also shown that a high reduction of PTP exists with the increase of torsional reinforcement
ratio and that the top limit to ensure some plastic twist capacity is approximately 1.30%. Some important
codes (American, Canadian and European) are analyzed in the light of the plastic twist capacity observed
for the tested beams. It is shown that the actual American code is the most appropriate by imposing a
maximum and minimum value for the reinforcement ratio.

! 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The theory of plasticity is a common tool used for the design of
concrete structures. The validity of such theory is dependent from
a ductile and plastic behavior in the critical sections. Some ductility
prevents premature and brittle failures and allows the internal
forces to be redistributed. Nowadays, it is accepted that, if properly
designed and detailed, Reinforced Concrete (RC) members can ex-
hibit high plastic deformations after yielding of the reinforcement.
This allow the theory of plasticity to be used.

For instance, ductility behavior is widely accepted for members
under bending, such as beams [1–3]. In such elements, the ultimate
bending moment, as obtained from theory of plasticity is accepted
to be a good value of the actual flexural strength.

For members under shear, the theory of plasticity still raises
some doubts. It is accepted that plain concrete is brittle under
shear. However, such behavior cannot be extended to RC members
if they have an adequate amount of transversal and longitudinal
reinforcement and if this reinforcement is properly detailed in or-
der to minimize the risk of brittle failure. Experimental tests on RC
panels under shear [4–7] shows that, for high loading levels, the
element gradually develops the so-called softening effect (influ-
ence of diagonal cracking on the compressive concrete behavior

in the struts), that leads to a relatively high internal energy dissipa-
tion through a certain level of deformation. In these cases, the the-
ory of plasticity can also be used.

In beams under torsion the considerations presented above for
RC panels under shear are also valid, because the shear stresses are
the limiting factor. The risk of failures of continuous beams with
high torsion forces can lead to unwanted failure mechanisms [8],
and reports of failure of curved bridge decks with high torsional
forces can be found in the literature [9], so it is important to ensure
sufficient ductility in the critical sections. The use of High-Strength
Concrete (HSC) makes this issue even more important because this
concrete is more brittle than Normal-Strength Concrete (NSC).

In actual structures, torsion forces are usually combined with
other internal forces (bending moments, shear and axial forces).
But in some structures, such as bridges, torsion can be a very
important action in the design. In structures with combined forces
the design procedures are normally based on force interactions and
require that the behavior under pure torsion need to be known and
quantified. Since HSC and hollow beams are frequently being used
in bridges, a study on the plastic behavior of HSC hollow beams un-
der torsion is a very important issue.

2. Research significance and previous study

To guarantee a minimum degree of ductility for beams under
torsion it is necessary to impose a maximum and a minimum value
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for both transversal and longitudinal torsional reinforcement ratio.
Among the codes of practice analyzed in this study only the ACI
codes [10,11] include explicit clauses to ensure a minimum tor-
sional reinforcement. However, the equation for the minimum tor-
sional reinforcement remains empirical when compared with
previous versions and sometimes lead to questionable solutions
[12]. The lack of specific rules for torsion in other codes (for in-
stance, European [13,14] and Canadian [15] codes) is solved by
requiring that the minimum amount of transversal and longitudi-
nal reinforcement for torsion should be considered to be the corre-
sponding ones for shear and for bending moments.

As far as the maximum torsional reinforcement is concerned,
the current codes of practice do not generally have explicit clauses
to compute this parameter. However, the codes generally indicate
a maximum value for the compressive stress in the concrete struts,
to prevent the concrete from crushing before the torsion reinforce-
ment yields (before 1995, the ACI code proposed an explicit rule for
the maximum transversal reinforcement). This limit can be used to
compute the maximum amount of the transversal reinforcement.

For HSC beams under torsion it is known that some aspects of
the structural behavior of HSC members are not fully known yet.
The current rules of codes, mainly calibrated for NSC members,
need firm confirmation and there have not been enough studies
on torsion ductility to permit unquestionable conclusions. As re-
ferred in a previous publication by the authors [8], so far, only a
very limited number of experimental studies on HSC beams under
pure torsion have been carried out [16–20]. As far as ductility and
plastic behavior under torsion is concerned, HSC beams are more
problematic than NSC beams, and hollow beams are more prob-
lematic than plain beams [20–22] because such elements have a
lower capacity to redistribute stresses in the cross section (no con-
crete core exists). This shows that a specific study of the plastic
behavior of HSC hollow beams under torsion is very important.

In a previous study by the authors [20], HSC hollow beams un-
der torsion were studied with respect to their ductility. The study
shown that the torsional ductility is low and that the range of rein-
forcement ratio where ductility still occurs is very narrow. Differ-
ent codes of practice were compared in the light of the
experimental results. As a consequence, the authors found that

ACI code is the most appropriate to ensure some ductile behavior
by limiting the amount of torsional reinforcement.

In another previous study by the authors [8], the same HSC hol-
low beams were used to study the formation of plastic hinges
along the length. The study shows that a torsion plastic hinge
can be formed in beams with ductile behavior. Furthermore, this
torsion plastic hinge is concentrated in a small length of the longi-
tudinal axis of the beams. This shows that plastic models are pos-
sible to be used for beams with ductile behavior under torsion.

The authors did not find in literature any study focused on twist
capacity of HSC hollow beams under torsion. As previously re-
ferred, some torsional ductility was observed by the authors in
HSC hollow beams (by using a torsional ductility index) and some
important codes were analyzed in the light of the torsional ductil-
ity [20]. Since ductility is a very important property, these results
should be confirmed by other analyzes. This should be possible be-
cause the authors also observed that torsional plastic hinges can be
formed in HSC hollow beams with ductile failure [8]. Therefore,
such beams show some twist capacity and should allow a plastic
analysis to be applied.

3. Test program and experimental twists

The experimental program was already presented by the
authors on a previous article [8]. In this section, only a brief sum-
mary on the test beams, on the test setup and on some experimen-
tal results is presented.

A set of 16 rectangular HSC hollow 5.90 m long beams were
tested up to failure. The beams had a constant square cross-section
and were symmetrically reinforced. The variable parameters were
the concrete’s compressive strength, from 46.2 to 96.7 MPa, and
the total torsional reinforcement ratio, from 0.30% to 2.68%.

Three sets of beams were considered (Groups A–C) as a function
of the range of the concrete compressive strengths.

Hot-rolled steel ribbed bars (S500) were used as reinforcement
with fy = 686 MPa and ey = 3430 ! 10"6 (average values of yield
stresses and strains, respectively).

Fig. 1 shows the dimensions of the beams, two examples of
reinforcement detailing and a scheme of the testing equipment.
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Fig. 1. Scheme of test setup and test beams [8].
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The testing device was developed to allow axial and warping
movements at the beams’ extremities. The load applied to the
beams was controlled by deformations. Fig. 2a shows a general
view of the testing equipment with the test beam in position. More
detailed information about the testing device can be found in [8].

Table 1 summarizes some relevant properties of the test beams,
namely: distance between branches of the stirrups (x1 and y1), area
of longitudinal reinforcement (Asl), area of one branch of transversal

reinforcement (Ast), average compressive strength (cylinder) of
concrete (fc), longitudinal and transversal reinforcement ratios
(ql = Asl/Ac and qt = Ast#u/Ac#s, where Ac = x#y, x = y = 600 mm – see
Fig. 1, u = 2#(x1 + y1), and s is the distance between transversal rein-
forcement), total reinforcement ratio (qtot = ql + qt) and the ratio be-
tween longitudinal and transversal reinforcement (mb = Asl#s/(Ast#u)).

Normally, previous research works on torsion in RC beams re-
ports the medium twist of the beams because the authors only take

Fig. 2. Test procedure.

Table 1
Properties of test beams [8].

Beam Longitudinal reinforcement Transversal reinforcement (/@s) x1 (mm) y1 (mm) Asl (mm2) Ast (mm2) fc (MPa) ql (%) qt (%) qtot (%) mb

A1 4/8 + 16/6 /6@90 mm 537 547 653 28 48.4 0.18 0.19 0.37 0.96
A2 4/12 + 12/10 /8@80 mm 538 531 1395 50 47.3 0.39 0.37 0.76 1.04
A3 16/12 /10@95 mm 540 535 1810 79 46.2 0.50 0.49 1.00 1.02
A4 4/16 + 20/10 /10@70 mm 520 525 2375 79 54.8 0.66 0.65 1.31 1.01
A5 4/16 + 20/12 /12@80 mm 528 528 3066 113 53.1 0.85 0.83 1.68 1.03
B1 20/6 /6@110 mm 539 544 565 28 75.6 0.16 0.14 0.30 1.11
B2 4/12 + 20/8 /8@75 mm 533 534 1458 50 69.8 0.41 0.40 0.80 1.02
B3 4/16 + 20/10 /10@70 mm 535 537 2375 79 77.8 0.66 0.67 1.33 0.99
B4 16/16 /12@75 mm 523 536 3217 113 79.8 0.89 0.89 1.78 1.01
B5 20/16 /12@60 mm 518 518 4021 113 76.4 1.12 1.09 2.20 1.03
C1 4/8 + 16/6 /6@90 mm 540 549 653 28 91.7 0.18 0.19 0.37 0.96
C2 4/12 + 12/10 /8@80 mm 532 533 1395 50 94.8 0.39 0.37 0.76 1.04
C3 4/16 + 20/10 /10@70 mm 545 540 2375 79 91.6 0.66 0.63 1.29 1.05
C4 4/16 + 20/12 /12@80 mm 546 545 3066 113 91.4 0.85 0.86 1.71 0.99
C5 4/20 + 12/16 /12@65 mm 540 543 3669 113 96.7 1.02 1.05 2.07 0.97
C6 24/16 /12@50 mm 533 529 4825 113 87.5 1.34 1.34 2.68 1.00
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readings at both ends of the beams. In order to study the local zone
of failure, the authors of this study recorded the twists at 10 sec-
tions along the beam length (sections AA to JJ in Fig. 1). The meth-
odology used to record the twists, by using pairs of LVDTs (Fig. 2b),
was explained in a previous article [8]. This methodology led to
experimental graphs that show the evolution of the twists along
the axis of the test beams. Such graphs, already presented and dis-
cussed in a previous article [8], are exemplified here in Fig. 3 for
Beam A1 (beam with low reinforcement ratio and ductile failure)
and for Beam C6 (beam with high reinforcement ratio and brittle
failure). In these graphs, /i are the absolute values of the twists
in section i, xi are the coordinates of the section i (Fig. 1), Dhij are
the relative twists (Dhij = (/j " /i)/xij with j = i + 1) between two
consecutive sections and xij are the distances between two consec-
utive sections. In graphs of Fig. 3, each curve corresponds to a tor-
que level. Dotted lines represent the twists after the failure of the
beam.

From the graphs exemplified in Fig. 3, the authors showed that
the beams with ductile failures develop localized torsional plastic
hinges, zones with higher concentrations of twists, along the
length of the beams. The average length of such zones is approxi-
mately equal to the height of the beam section (600 mm) [8]. The
authors also showed that such zones with higher concentration
of twists begins to form after the loss of torsional stiffness due to
concrete cracking.

Table 2 summarizes some relevant key points of the experimen-
tal torque (T) – medium twists (hm) curves of the tested beams,
namely: cracking torque and corresponding twist (Tcr and hcr),
torque levels of yield of longitudinal and transversal steel, and cor-
responding twist (Tty, Tly, hty and hly), resistant torque and corre-
sponding twist (Tr and hTr), and information about the beams
with brittle failure.

4. Plastic twist capacity analysis

4.1. Local twist ‘‘versus’’ total twist curves

To perform a global plastic analysis of the tested beams, Figs. 4–
6 present the graphs local twist (/loc) ‘‘versus’’ total twist (/tot).
Each Figs. 4–6 is related to a group of test beams. The total twist
/tot represents the total and maximum twist undergone by the
beams. The local twist /loc represents the twist undergone by the
beam in the failure zone. In each /loc–/tot graph, the experimental
curve and two theoretical lines are plotted.

For the experimental curve, the /tot values correspond to the
experimental twists recorded in section A – A of the beams

(Fig. 1) during the test. These values correspond to the maximum
twists in the /i–xi graphs as shown in Fig. 3.

The /loc values are computed multiplying the maximum Dhij

values in failure zone (see Dhij–xij graphs of Fig. 3) by a reference
length, 600 mm long (length of the zone with highest concentra-
tion of twists). The /loc values represent the twists of the beam
undergone by the beam in the failure zone.

The two theoretical lines plotted in the /loc–/tot graphs corre-
spond to a theoretical elastic linear analysis (in non-cracked and

Table 2
Key points of T–hm curves [8].

Beam Tcr (kNm) hcr ("/m) Tty (kNm) hty ("/m) Tly (kNm) hly ("/m) Tr (kNm) hTr ("/m)

A1 104.1 0.071 128.4 0.44 131.8 0.57 150.8 1.18
A2 109.5 0.064 239.4 1.08 247.1 1.17 254.8 1.66
A3 113.3 0.057 272.7 1.16 259.2 1.07 299.9 1.54
A4 120.9 0.063 360.9 1.56 368.2 1.66 368.2 1.66
A5a 120.9 0.044 – – – – 412.2 1.53
B1 111.5 0.060 – – 115.4 0.21 116.0 0.23
B2 116.7 0.044 265.8 1.33 273.3 1.42 273.3 1.42
B3a 130.5 0.043 – – – – 355.9 1.45
B4a 142.9 0.061 – – – – 437.9 1.24
B5a 146.3 0.066 – – – – 456.2 1.24
C1 117.3 0.038 150.0 0.46 – – 151.8 0.72
C2 124.5 0.049 244.8 1.07 246.6 1.10 266.1 1.44
C3 131.9 0.064 347.7 1.46 – – 351.2 1.53
C4a 132.6 0.051 – – – – 450.3 1.50
C5a 138.3 0.051 – – – – 467.3 1.34
C6a 139.1 0.054 – – – – 521.3 1.27

a Beams with brittle failure.
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cracked state) and to a theoretical global plastic linear analysis of
the tested beams.

For the elastic linear analysis, it is assumed that the beam be-
haves uniformly along its entire length. For the non-cracked state,
the theoretical twist h per unit length was computed from theory
of elasticity:

h $ T
K%GC&I

%1&

where T is the torque applied to the beam; (GC)I is the elastic tor-
sional stiffness (State I – non-cracked state); K is a correcting factor
(K ' 0.7 to 1), to take into account the loss of stiffness observed in
experimental tests (20–40% of the (GC)I value [23]). A value of
K = 0.7 was shown to be appropriate [21,22]. The reinforcement
can be neglected when computing (GC)I; G is the shear modulus
equal to Ec/[2(1 + m)] (where Ec is the Young modulus of concrete
and m is the Poisson coefficient, m = 0.2 in State I) and C is the stiff-
ness factor computed from St. Venant’ Theory [24] and equal to
4A2h/u (where A is the area limited by the center line of the wall
of the hollow section, u is the outer perimeter of the area A and h
is the wall thickness).

To compute the theoretical value of the cracking torque, Tcr, the
Bredt’s Thin Tube Theory [25] was shown to be appropriate regard-
less of the section type of the beam (plain or hollow) [21,22]. For
rectangular hollow sections, Tcr can be computed from [26]:

Tcr $ 2Act 2:5
!!!!!!!!!!!!!!
f 0c%psi&

q" #
$ 2Act 0:2076

!!!!!!!!!!!!!!!!!
f 0c%MPa&

q" #
%2&

where Ac is the area limited by the outer perimeter of the section
(includes hollow area) and t is the wall thickness.

Bernardo and Lopes [22] showed that Eq. (2) must be multiplied
by 0.85 when fc > 50 MPa.

Experimental studies also show that the torsional reinforce-
ment ratio (both longitudinal ql and transversal qt) slightly in-
creases the cracking torque. The effective cracking torque Tcr,ef

can be computed from [27]:

Tcr;ef $ (1) 4%ql ) qt&*Tcr %3&

For the cracked state (State II), the following equation can be
used to compute the torsional stiffness (GC)II of rectangular sec-
tions [28,29]:

%GC&II $
Esx2

1y2
1xy

%x1 ) y1&
2 2nxy
%x1)y1&he

) 1
ql
) 1

qt

h i %4&

he $ 1:4%ql ) qt&x %5&

where he is the effective wall thickness of the equivalent hollow
section; n is the ratio between Young’s modulus for concrete and
steel (n = Es/Ec).

The theoretical twist per unit length, h, can be computed from
the following equation of the elastic post-cracking straight line
(approximately) of the T–h curve [28]:

T $ %GC&IIh) gTc %6&

Tc $
x2y
3

2:4
!!!!!!!!!!!!!!
f 0c%psi&

q
$ x2y

3
0:1993

!!!!!!!!!!!!!!!!!
f 0c%MPa&

q
%7&

g $ 0:57) 2:86he=x %8&
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For both non-cracked and cracked states, and for each torque T,
/tot is computed multiplying h (Eqs. (1) and (6)) by the distance be-
tween sections AA and JJ of the test beams (5.35 m – Fig. 1), while
/loc is computed multiplying h (Eqs. (1) and (6)) by the assumed
length for the failure zone (0.60 m).

From the previous elastic analysis, the /loc–/tot curve is a
straight line (including both non-cracked and cracked state) with
a slightly different slope (visually negligible) for each beam
(Figs. 4–6).

For the theoretical global plastic analysis, it is assumed that the
beams can form a perfect plastic torsional hinge in the failure zone.
In this model, the total twist of the beam will be undergone only by
the plastic torsional hinge. Then /loc = /tot and the correspondent
/loc–/tot curve is a straight line with a slope of 45" (Figs. 4–6).

Figs. 4–6 show that the experimental /loc–/tot curves have an
initial length, virtually straight, that follows with very small devi-
ations the straight line corresponding to the theoretical elastic
analysis. The validity of the elastic analysis of the beams carried
out in this study is thus confirmed.

For beams with ductile failure and from the moment when the
reinforcement yields, the local twists increase sharply. From this
point the slope of the experimental /loc–/tot curve increases and
approaches the slope of the straight line corresponding to the the-
oretical global plastic analysis. For beams with lower reinforce-
ment ratio, the experimental tends to follow the slope of the
theoretical straight line. This confirms that, in this zone of the
/loc–/tot curves, the twists are incremented in accordance with
the assumed theoretical plastic model. This also confirms that
the length of 60 cm (length of the plastic twist hinge) assumed
to calculate the local twists is generally valid. These observations
justify the use of a plastic analysis on the tested beams with ductile
failure.

For beams with ductile failure, the final part of the experimental
/loc–/tot curves can assume several shapes. For some beams
(Beams A2, B1, B2 and C1), the local twist increment decreases
and the slope of the experimental curve decrease up to failure.
For these beams, the analysis of the /i–xi graphs showed that the
failure zone length tended to extend in the end of the test [8]. Some
of the beams developed more than one zone with maximum local
twist. As a consequence, the hypothesis of a 60 cm length for the
plastic twist hinge it is no longer valid.

In other beams (Beams A1 and C2), the slope of the experimen-
tal /loc–/tot curve gradually increase in the final part of the test.
This is probably due to the beginning of the local crushing of the
concrete in the struts. This phenomenon increases the local twists
before the failure of the beams.

For the beams with brittle failure due to insufficient concrete
strength (Beams A5, B4, B5, C5 and C6), the local twists suddenly
increase only when the failure occurs.

Beams A3, A4, B3, C3 and C4 had somewhat premature failures
due to corner break off [8]. Typically, this failure is sudden, with no
previous signs. Therefore, this is typically a brittle failure. For such
beams the local twists suddenly also increase when the failure oc-
curs, due to the sudden loss of torsional stiffness of the failure zone
due to the reduction of the section in the corners.

From the previous analyses, it can be stated that the graphs
from Figs. 4–6 highlight that some plastic behavior exists in beams
with ductile failure.

Generally speaking, examination of the graphs in Figs. 4–6
seems also to show that, for a given range of concrete strengths,
the capacity to undergo plastic twists decreases as the torsional
reinforcement ratio of the beams increases. Moreover, within each
group of beams, the range of the torsional reinforcement ratio that
allow for a ductile behavior seems to be very restricted.

It should be noted that the previous observations cannot be con-
sidered valid for beams very far from the balanced reinforcement

(mb very far from unity). In this case, longitudinal and transversal
reinforcements do not yield at similar torque levels. Consequently,
the formation of a torsional plastic hinge 60 cm long (length of
hinge equals to the height of the section was the basic hypothesis
of this study) can no longer be considered valid because the tor-
sional reinforcement is not fully yielded.

4.2. Experimental characterization of plastic twist capacity

In this section the purely plastic behavior of the test beams will
be studied by analyzing the experimental values for plastic twists.
A parameter to quantify plastic twist capacity by comparing the
beams’ performance will be also defined. Such a parameter should
be based on the experimental values obtained for plastic twist.

The experimental values of the twists drawn in the graphs of
Figs. 4–6 include the elastic and plastic parts of the twist. In order
to study the plastic component alone, the elastic part of the twist
must be eliminated. It should be noted that in this study only the
local twists will be used to compute the plastic component of the
twist. The total twists, will remain unchanged. This option has no
consequence for a comparative analysis purpose.

To compute the plastic twist component of the test beams, the
corresponding elastic theoretical twists will be subtracted from the
experimental values. The use of this method is valid since the anal-
ysis of /loc–/tot graphs (Section 4.1) showed that, during the elastic
stage, the experimental curves followed the theoretical curves
from the elastic analysis. For each beam, this procedure made it
possible to obtain the /loc,plast–/tot graphs, in which /loc,plast repre-
sents the plastic component of the experimental twist. These
graphs are presented for the beams with ductile failure (beams
with plastic behavior) in Figs. 8–10, with nondimensional axes.

Figs. 8–10 do not include Beams A5, B3, B4, B5, C4, C5 and C6.
For those beams, Table 2 shows that the torsional reinforcement
(transversal and longitudinal) did not yield before concrete crush-
ing (the failure is brittle). Since no torsional ductility exists, the
plastic analysis was not performed for these beams (the same cri-
terion was applied by the authors in Ref. [20] by using a torsional
ductility index to study ductility).

On the basis of the graphs displayed in Figs. 8–10, two nondi-
mensional parameters termed Cplast,exp and Cplast,theor are defined.
These two parameters represent, respectively, the area of the
/loc,plast–/tot graph limited by the experimental curve, and the area
of the same graph limited by the straight line relating to the plastic
theoretical analysis (Fig. 7).

To compute the above parameters, it is necessary to define the
ultimate torque of the tested beams in order to define the limiting
total twist for the areas to be calculated in graphs presented in
Figs. 8–10. In this study, the same criterion used by the authors
to compute the ductility index of beams under flexure [30] and tor-
sion [20] is also used. When the behavioral graph under study has a
descending branch after the maximum load is reached, it is consid-
ered that the ultimate point corresponds to a load of 80% of the
maximum load. For the graphs with no descending branch, the
ultimate load is considered equal to the maximum load.

In this study, this criterion corresponds to limit the area repre-
sented by Cplast,exp to a value of /tot corresponding to 80% of the
maximum torque, as illustrated in Fig. 7b (a plastic behavior is
no longer accepted when the load capacity of the beam begins to
fall substantially). If the last value for /tot corresponds to a torque
greater than 80% of the maximum torque, then the whole area lim-
ited by the /loc,plast–/tot curve will be counted (Fig. 7c).

From Fig. 7a it can be concluded that the value of parameter
Cplast,theor is constant and equal to 0.5. The areas corresponding to
Cplast,exp are calculated directly from the graphs presented in
Figs. 8–10.
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Parameter Cplast,exp quantifies the plastic twist capacity observed
by means of the experimental curves being studied (Figs. 8–10).
The ratio Cplast,exp/Cplast,theor reflects the degree of observed experi-
mental plastic twist capacity when compared to the same value
theoretically predicted, through a theoretical plastic analysis of
the beams. In this work, the Cplast,exp/Cplast,theor is termed as the Plas-
tic Trend Parameter – PTP. The values obtained for PTP and the lim-
its corresponding to 80% of the maximum torque (‘‘0.8Tr’’) are
represented as a percentage, and for each beam, on the graphs in
Figs. 8–10.

From Figs. 8–10, it can be concluded that the PTP values are not
very high. This indicates that the plastic behavior of the ductile
beams under torsion is not very high either.

It should be noted that the methodology previously described to
characterize the plastic twist capacity of the test beams under tor-
sion is similar to a previous one already and successfully used by
the authors to study HSC beams subjected do bending [31].

4.3. Influence of concrete strength on plastic twist capacity

To study the influence of concrete strength on plastic twist
capacity, the beams with the same or similar total torsional rein-
forcement ratios (qtot) are grouped in Table 3. In this table and
for each group of beams, qtot,m represents the average values for
the total reinforcement ratio.

Analyzing the column of values, in Table 3, for PTP and for
Groups 2 and 3, it can be state that there seems to be a tendency
for PTP to decrease with increasing concrete strength. For Group
1 a clear tendency is not highlighted. The beams of Group 1 as
the lowest values of torsional reinforcement ratio and, as previ-
ously discussed by the authors [8], had a failure similar to a typical
failure due to insufficient reinforcement. The yielding load is equal
(Beam B1) or slightly higher (Beams A1 and C1) to the cracking
loading. This can explain why PTP for Beam B1 is higher than those
for Beams A1 and C1.
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The evolution of the PTP as a function of concrete strength (fc)
for each beams group may be seen in graphic form in Fig. 11. The
graph in Fig. 11 also shows a trend line (calculated by linear

regression) to emphasize the evolution of PTP. Despite the limited
number of points, the analysis of the graph in Fig. 11 shows that,
for Groups 2 and 3, there seems to happen a general tendency
for the plastic twist capacity to decrease (apparently linearly) as
the concrete strength increases, if the torsional reinforcement ratio
is maintained approximately constant. As previously referred, for
Group 1 a clear tendency is not highlighted.

4.4. Influence of reinforcement ratio on plastic twist capacity

Beams with concrete of the same or similar compressive
strength are grouped together in Table 4 to study the influence
of the torsional reinforcement ratio on plastic twist capacity. In Ta-
ble 4 and for each group of beams, fcm is the average values for the
compressive strength of the concrete.

Examination of the column with PTP values in Table 4 leads to
the conclusion that, in general, plastic twist capacity decreases as
the longitudinal reinforcement ratio increases.

PTP for Beam A4, beam with the highest reinforcement ratio in
Group 1, is slightly high when compared with that of Beam A3. As
previously discussed by the authors [8], Beam A4 suffered a

0.0

0.2

0.4

0.6

0.8

1.0

! l
oc

,p
la

st
/!

lo
c,

m
ax

!tot /!tot,max

Plast. An.
Experim.
Limit 0.8 Tr

Cracking
Yelding Ast
Yelding Asl

PTP = 10.70 %

Beam C1

0.0

0.2

0.4

0.6

0.8

1.0

! l
oc

,p
la

st
/ !

lo
c,

m
ax

!tot /!tot,max

Plast. An.
Experim.
Limit 0.8 Tr
Cracking
Yelding Ast
Yelding Asl

PTP = 2.52 %

Beam C2

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

0.0 0.2 0.4 0.6 0.8 1.0

! l
oc

,p
la

st
/!

lo
c,

m
ax

!tot /!tot,max

Plast. An.
Experim.
Limit 0.8 Tr
Cracking
Yelding Ast
Yelding Asl

PTP = 0.45 %PTP = 0.45 %

Beam C3

Fig. 10. /loc,plast–/tot Curves for beams from Group C.

Table 3
Beam groups with similar total reinforcement ratio.

Group Beam qtot (%) qtot,m (%) fc (MPa) PTP (%)

1 A1 0.37 0.35 48.4 11.20
B1 0.30 75.6 14.37
C1 0.37 91.7 10.70

2 A2 0.76 0.77 47.3 5.15
B2 0.80 69.8 3.88
C2 0.76 94.8 2.52

3 A4 1.31 1.30 54.8 2.91
C3 1.29 91.6 0.45
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Fig. 11. Influence of concrete strength on plastic twist capacity (Group 1: qtot,m =
0.35%, Group 2: qtot,m = 0.77%, Group 3: qtot,m = 1.30%).

Table 4
Beam groups with similar concrete strength.

Group Beam fc (MPa) fcm (MPa) qtot (%) PTP (%)

A A1 48.4 49.2 0.37 11.20
A2 47.3 0.76 5.15
A3 46.2 1.00 1.53
A4 54.8 1.31 2.91

B B1 75.6 72.7 0.30 14.37
B2 69.8 0.80 3.88

C C1 91.7 92.7 0.37 10.70
C2 94.8 0.76 2.52
C3 91.6 1.29 0.45
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somehow premature loss of torsional rigidity before the yielding of
the reinforcement. This is probably due to the start of crushing of
the concrete in the struts due to the high level stresses. Then, an
apparent non-realistic plastic behavior is highlighted before the
yielding of the reinforcement. For this reason, the PTP for Beam
A4 should not be considered very reliable and it will not be consid-
ered in subsequent analyses.

Fig. 12 displays the evolution of PTP in graph form, as a function
of the total reinforcement ratio, qtot. The graph in Fig. 12 includes
the results for all the groups, independently of concrete strength.
However, the points on the graphs with respect to the different
groups of beams were distinguished. An exponential trend curve
has been drawn to highlight the evolution of PTP. This trend curve
seems to fit well to the results for Groups A and C. So the same
trend curve was used to the results for Group B (group with only
two beams). Despite the limited number of points, the graph of
Fig. 12 graphically seems to confirm the high reduction of the plas-
tic twist capacity with the increase of reinforcement ratio. Fig. 12
seems also to show that, regardless of the concrete strength, the
top limit of total reinforcement ratio to ensure a plastic twist
capacity in the same for all groups and corresponds to approxi-
mately 1.30%. Beyond this limit the plastic twist capacity seems
to tend towards zero. This subject will be reanalyzed latter.

From the above results and from the results of Section 4.3, and
despite the limited number of tested beams with ductile failure,
there does not seem to be any doubt that the parameter that has
most influence on the plastic twist capacity of the beams is the
reinforcement ratio.

It should be also noted that on a previous study [20] the authors
analyzed the torsional ductility of the same test beams used in this
article. In such study, a torsional ductility index was defined di-
rectly from the experimental torque (T) – average twist (h) curves.
The general tendencies previously observed, based on the PTP anal-
ysis, generally confirm the tendencies observed by the authors for
torsional ductility index. This is logical since the plastic behavior is
directly related with the ductility.

5. Plastic twist capacity design

The maximum and minimum values of the total reinforcement
ratio that are imposed by some important codes of practice are
analyzed in this section in the light of the plastic twist capacity
of the test beams. The analyzed codes of practice where:
ACI318R-89 [10], ACI318R-05 [11], MC 90 [13], EC 2 [14] and
CAN3-A23.3-04 [15]. The old ACI 318R-89 is also included because
torsion procedures were based on the Skew Bending Theory until
1995. In this year, the design rules were changed and are now

based on Variable Angle Truss-Model, as for the other referred
codes.

Before starting the study, some comments need to be made.
In this study, the limit will be applied only for transversal rein-

forcement, because the transversal and longitudinal reinforcement
of the tested beams are balanced (mb equals or nearly equals to
unity). It should be noted that this approach cannot be applied to
beams with highly unbalanced reinforcement (mb very far from
unity).

PTP values of the first beams of Groups 1, 2 and 3 (Beams A1, B1
and C1) are the highest (see Tables 3 and 4), but these beams had a
failure similar to a typical failure due to insufficient reinforcement,
as discussed before. This behavior should not be accepted by codes
of practice, and a minimum limit for the torsional reinforcement
must be enforced. Among the studied codes, only the ACI codes
explicitly impose a minimum amount of reinforcement for torsion
loads.

Beams A5, B4, B5, C5 and C6 had brittle failure by crushing of
the concrete struts. These beams had the highest reinforcement ra-
tio values within their series. Beams B3 and C4 had a somehow
premature and brittle failure by corners break off, following by
crushing of the concrete struts. All these beams, with brittle fail-
ures, should be considered not acceptable by codes of practice. This
is done by fixing a top limit on the torsional reinforcement ratio.

Figs. 13–17 present, for all the analyzed codes and indepen-
dently of concrete strength, the evolution of the PTP with the
transversal torsion reinforcement ratio, qt. Graphs of Figs. 13–17
also shows the maximum and minimum boundaries of the trans-
versal reinforcement ratios (dotted lines) computed from the
codes’ rules. These values are computed from the maximum and
minimum reinforcement areas (At,min/s and At,max/s, respectively).
Those limits are presented in Table 5. This table presents also the
equations from the codes to compute the limits for the transversal
reinforcement. The meaning of each parameter can be found in
each code. In Figs. 13–17 the beams with failure due to insufficient
reinforcement are identified by the symbol ‘‘!’’. The beams with
brittle failure due to crushing of concrete struts (theoretically
PTP is equal to zero) are also included in graphs of Figs. 13–17.

Table 5 and Fig. 13 show that for ACI 318R-89, only Beam C6 is
outside the interval of admissible transversal reinforcement ratios.
However, several test beams accepted by ACI 318R-89 did have
brittle failure and, then, do not show plastic twist behavior.
Probably, the value that ACI 318R-89 adopted for the allowable
compressive strength in the concrete struts is too high when
fc P 40 MPa. The top limit of the transversal reinforcement
indirectly depends on this strength. As far as the bottom limit is
concerned, Table 5 and Fig. 13 show that all the test beams are
in accordance with this limitation. Therefore the bottom limit for
the transversal reinforcement from ACI 318R-89 was not adequate.
Fig. 13 shows clearly that the interval defined by the maximum
and the minimum values of transversal torsion reinforcement
found by ACI 318R-89 was too large.

Table 5 and Fig. 14 show that for ACI 318R-05, Beam B1 would
not be allowed because it has a reinforcement ratio below the bot-
tom limit. Therefore, this code has detected that this beam would
have undesirable failure due to insufficient reinforcement.
Although ACI 318R-05 proved to be more restrictive than ACI
318R-89, it is still not restrictive enough, since it did not detect
two other test beams (Beams A1 and C1), which failed closely
due to insufficient reinforcement. As far as the top limit of the
transversal reinforcement is concerned, Table 5 and Fig. 14 show
that the two last beams of Series A and the three last beams of
the Series B and C do not pass the restrictions of ACI 318R-05.
Therefore, in this point, this code is more restrictive than ACI
318R-89. For the identified beams, ACI 318R-05 anticipates brittle
failure. The limitation seems to be a little excessive, since Beam A4
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is one that would be excluded and, in fact, this beam did not have
brittle failure and shows some plastic twist capacity. Once the PTP
value of Beam A4 is low (see Tables 4 and 5), the exclusion of this

beam by the code can be considered acceptable. When compared
to its predecessor, ACI 318-05 is better on fixing a maximum value
for the transversal reinforcement.
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Fig. 13. Transversal reinforcement ratios versus PTP (ACI 318R-89 [10]).
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Fig. 14. Transversal reinforcement ratios versus PTP (ACI 318R-05 [11]).
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Fig. 15. Transversal reinforcement ratios versus PTP (MC 90 [13]).
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Fig. 16. Transversal reinforcement ratios versus PTP (EC 2 [14]).
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L.F.A. Bernardo, S.M.R. Lopes / Engineering Structures 49 (2013) 190–201 199



As far as the bottom limit of the transversal reinforcement is
concerned, the remaining codes (MC 90, EC 2 and CAN3-A23.3-
04) indicate limit values that do not ban any of the test beams that
shown to have insufficient reinforcement (see Table 5 and Figs. 15–
17). It should be noted that these codes give limitation rules based
on minimum shear reinforcement. This procedure does not seem to
be adequate. As far as the top limit for the transversal reinforce-
ment is concerned, Table 5 and Figs. 15–17 show that MC 90 and
EC 2 consider that all the beams have acceptable values. CAN3-
A23.3-04 consider that the last beams of each group are not
acceptable, although barely. Therefore, these three codes do not
have good top limits of the maximum transversal reinforcement.

The main conclusion, based on the PTP analysis, generally con-
firm the tendencies observed previously by the authors for tor-
sional ductility index in the same HSC hollow beams [20].

6. Comparative analysis with the results from Section 4.4

In Section 4.4 of this article it was shown that, regardless of the
concrete strength, the top limit of total reinforcement ratio
(qtot,max) to ensure a plastic twist capacity of the test beams corre-
sponds to approximately 1.30%.

Once the test beams were symmetrically reinforced, the corre-
spondent top limit of transversal reinforcement ratio (qt,max) is
1.30/2 = 0.65%. Beyond this simple limit it is expected that the test
beams have brittle failure by crushing of the concrete struts or by
corner break off.

Fig. 18 is similar to Figs. 13–17 and shows that the previous top
limit for the transversal reinforcement ratio, qt,max = 0.65% (dotted
lines in the figures), seems to be adequate in order to avoid beams
with brittle failure. It should be remembered that PTP for Beam A4
must not be considered a reliable value.

7. Conclusions

This article presented a study on the plastic behavior and twist
capacity of 16 tested HSC hollow beams under pure torsion. For
this purpose, a new parameter (PTP) was defined from the
/loc–/tot graphs to reflect the degree of the experimental twist
capacity of the tested beams. Analyses about the influence of the
concrete compressive strength and of the torsional reinforcement
ratio in PTP were performed. Some important codes were also ana-
lyzed in the light of the plastic twist capacity observed for the
tested beams.

The principal conclusions of this study can be summarized as
follows:

1. It was observed that some plastic behavior of HSC hollow
beams under torsion exists, but only for a narrow range of tor-
sional reinforcement ratio.

2. For similar reinforcement ratios, an increase in the compressive
strength of the concrete seems to leads to a slight decrease in
plastic twist capacity.

Table 5
Limits for the transversal reinforcement of test beams.

ACI 318R-89 [10] ACI 318R-05 [11] MC 90 [13] EC 2 [14] CAN3-A23.3-04 [15]
At,min Aswi,min (MC 90) 25 bw s

fy
0:375

!!!!
f 0c

p bw s
fyv

P 25bws=fyv qw,minsbwsena qw,minsbwsena 0:06
!!!!
f 0c

p bw s
fy

At,max Aswi,max (MC 90) 4Tc s
at x1y1 fy

8
!!!
f 0c
p

Aoh s
ph fyv cotgh

fcd2ti sen2hi s
fyd

tfcdts sin h cos h
fywd cotgh

0:25f 0c 1:7A2
oh s

2phAofy cotgh

Beam At;ef
s cm2=m As;min

s
As;max

s
As;min

s
As;max

s
As;min

s
As;max

s
As;min

s
As;max

s
As;min

s
As;max

s

A1 3.11 1.62 14.02 2.04 9.53 1.37 15.04 0.86 17.52 0.75 16.80
A2 6.25 1.48 14.31 1.84 8.72 1.49 14.99 0.84 17.53 0.80 16.34
A3 8.32 1.44 13.87 1.77 8.68 1.53 15.54 0.83 17.52 0.81 15.84
A4 11.29 1.44 15.21 1.93 8.88a 1.56 15.98 0.86 18.79 0.86 17.99
A5 14.13 1.54 15.61 2.02 9.02a 1.56 16.25 0.90 18.56 0.84 18.50

B1 2.33 1.62 18.14 2.55b 11.59 2.03 21.42 1.11 23.78 1.00 27.07
B2 6.67 1.48 17.57 2.24 10.66 1.94 20.33 1.04 23.59 1.02 24.38
B3 11.29 1.44 18.04 2.30 11.00a 2.18 20.92 1.08 24.61 1.09 26.71
B4 15.07 1.54 20.40 2.48 11.18a 2.25 23.05 1.19 26.17 1.14 30.00
B5 18.83 1.54 21.81 2.42 10.60a 2.33 23.81 1.21 26.40 1.16 29.84

C1 3.11 1.62 18.86 2.81 13.23 2.23 22.36 1.17 26.03 1.06 31.43
C2 6.25 1.48 19.10 2.61 12.27 2.31 22.05 1.12 25.77 1.12 30.79
C3 10.53 1.44 18.04 2.50 11.74 2.36 20.68 1.10 24.42 1.12 29.56
C4 14.13 1.54 18.98 2.65 12.42a 2.37 22.52 1.17 25.71 1.13 31.48
C5 17.38 1.54 19.93 2.73 13.30a 2.49 23.80 1.21 28.00 1.17 33.59
C6 22.60 1.43 18.40a 2.41 11.34a 2.28 22.76 1.07 24.73 1.11 28.24

a Brittle failure due to insufficient concrete compressive strength expected in these beams.
b Failure due to insufficient reinforcement expected in these beams.
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Fig. 18. Proposed maximum transversal ratio versus PTP.
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3. For similar concrete compressive strengths, a high decrease of
the plastic twist capacity of the test beams with the increase
of reinforcement ratio was observed. The top limit of reinforce-
ment ratio to ensure a plastic twist capacity is approximately
1.30%.

4. Among all the studied codes, ACI 318R-05 seems to be the most
appropriate one to ensure a certain level of plastic behavior due
to the definition of reliable minimum and maximum torsional
reinforcement values.

5. Based on the PTP analysis, the general tendencies observed in
this article generally confirm the tendencies observed previ-
ously by the authors for torsional ductility index in the same
HSC hollow beams [20].

6. Previous conclusions should be considered valid only for HSC
hollow beams with balanced longitudinal and transversal rein-
forcement. For beams with highly unbalanced reinforcement,
specific studies are needed.
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