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Abstract. this article describes a study on the plastic behaviour of lightweight-aggregate concrete beams. the experi-
mental results of nineteen simply supported beams previously tested by the authors were used in this study. the experi-
mental plastic rotation capacity of the tested beams was characterized by a parameter called plastic trend parameter 
(ptp). the main variables studied were the concrete compressive strength and the longitudinal tensile reinforcement 
ratio. it was found that plastic rotation capacity slightly increases as the concrete compressive strength increases. An ap-
propriate range for the longitudinal tensile reinforcement ratio to ensure plastic rotation capacity is proposed. the results 
of this study were also compared with the requirements from some codes of practice. From this analysis, it was shown 
that ACi Code requirements give more guaranties as far as plastic rotation capacity is concerned, when compared with 
european codes.
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Introduction

the evolution of the chemical admixtures and minerals 
has evolved in the last decades. For this reason, light-
weight aggregate concretes (LWAC) have seen succes-
sive improvements in terms of workability, durability and 
compressive strength. in several structural applications, 
advantages exist in using concretes with higher compres-
sive strengths and, simultaneously, lighter weights. this is 
because self-weight can represent a very large percentage 
of the total load. these applications include, for instance, 
slabs in high rise buildings, bridge decks, pavement reha-
bilitation, precast elements, etc. 

it is known that some characteristics of the concrete 
are deteriorated by increasing compressive strength and/
or incorporating lightweight aggregates instead of normal-
weight aggregates. For instance, it was shown that tensile/
compressive strength ratio and fracture toughness are low-
er (domagala 2011; Cui et al. 2012). this results in higher 
brittleness of the concrete (Jung et al. 2007).

However, as far as compressive strength is con-
cerned, tests have shown that low deformability for high 
strength concrete does not necessarily result in brittle be-
haviour of structural elements made with this material. 
For beams under flexure using normal strength (NS) and 
high strength (HS) normal-weight aggregate concrete 

(nWAC), several studies have shown that such elements 
can positively combine the relative brittleness of the con-
crete with an adequate amount and detailing of ductile re-
inforcing bars (Shin et al. 1989; Shehata, i. A. e. M., She-
hata, L. C. d 1996; Bernardo, Lopes 2003, 2004; Lopes, 
Bernardo 2003). 

in general, this is also true for LWAC beams. How-
ever, LWAC and nWAC beams show marked differences 
in their flexural ultimate behaviour (Sin et al. 2010). For 
instance, the flexural ductility of HS LWAC beams (con-
crete compressive strength above 30 Mpa (Ahmad et al. 
1995)) is lower than nWAC beams (Liu et al. 2006; Jung 
et al. 2007; Bernardo et al. 2014). this is because LWAC 
is more brittle, both in tension and compression, when 
compared with nWAC. Moreover, it is expected that, for 
LWAC beams, the concern with ductility may arise for 
lower compressive strength of concrete when compared 
with nWAC beams (Bernardo et al. 2014).

Some techniques to improve ductility have been 
studied, such as the incorporation of steel fibres into 
LWAC and nWAC (Balendran et al. 2002; domagala 
2011). However, such techniques are expensive. For cur-
rent structures, simple design detailing rules based on the 
control of key parameters to provide sufficient amount of 
flexural ductility are desirable.
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1. Research significance and previous studies

Structural elements must not only provide adequate 
strength but should also insure adequate ductility under 
overload condition. this important property is directly re-
lated to the capacity for redistributing internal forces with 
structural safety. ductility is an important issue and still 
continues to be focused in recent studies (for instance, 
Lam et al. 2009a, 2009b; Kwan, Ho 2010). 

the ductility of the structural elements depends di-
rectly on the plastic rotation capacity of the critical sec-
tions (CeB 1998; pecce, Fabbrocino 1999; Ko et al. 
2001). this property is related with the ductility and, 
therefore the results obtained by studying ductility can be 
confirmed.

For nWAC, codes of practice provide detailed rules 
to ensure sufficient flexural ductility. In general, such rules 
attempt to control the relative depth of the compressed 
concrete in failure, which strongly depends on the charac-
teristics of steel and the mechanical ratio of tensile longi-
tudinal reinforcement. Other factors also influence flexural 
ductility, such as the concrete strength, the transverse and 
the longitudinal compressive reinforcement ratios. 

Several studies on nWAC beams, including nS 
and HS concrete, confirmed the influence of the above-
mentioned parameters (Shin et al. 1989; Bernardo, Lopes 
2003, 2004). Previous studies also checked the influence 
of some of these parameters for LWAC beams (Ahmad, 
Barker 1991; Ahmad, Batts 1991; Ahmad et al. 1995). 
However, the flexural behaviour of LWAC beams, includ-
ing nS and HS concrete, still continues to be studied be-
cause several requirements of codes of practice continue 
to be based on the experimental results of nWAC beams. 
recent papers about this subject, including HS LWAC 
beams, can be found in the literature (Liu et al. 2006; Jung 
et al. 2007; Sin et al. 2010; Ho, Zhou 2011; Bernardo 
et al. 2014). Although some proposals for the extension 
of european codes of practice to include LWAC, including 
HS concrete, have been reported (Faust 2000; Fib 2000), 
they are still not fully incorporated. this is because sever-
al aspects about flexural performance of LWAC beams are 
not fully clarified. This shows that more studies need to 
be carried out. Moreover, only a limited number of stud-
ies specifically focused on the ductility of LWAC beams 
under flexure still exist in the literature (Ahmad, Barker 
1991; Ahmad, Batts 1991; Liu et al. 2006; Jung et al. 
2007; Bernardo et al. 2014). Also related with ductility, 
the rotation capacity of LWAC beams constitutes a very 
important issue, which should be fully studied in order 
to help to clarify some aspects about the flexural perfor-
mance of LWAC beams. 

in a previous article (Bernardo et al. 2014) the au-
thors presented an experimental study on the flexural duc-
tility of LWAC beams, by using ductility indexes. Some 
important findings about how concrete strength influences 
ductility and also on the appropriate range for the lon-
gitudinal tensile reinforcement ratio were presented. the 
results of this previous study were also compared with 

the requirements from some important codes of practice. 
the present article constitutes an extension of the previ-
ously referred study from the authors, and presents a study 
on the flexural plastic behaviour of the same set of tested 
beams, by using a parameter called plastic trend param-
eter (ptp). Since ductility and plastic rotation capacity are 
directly related, the findings of this new study should con-
firm the previous findings of the authors. Moreover, no 
studies especially focused on the plastic rotation capacity 
of LWAC beams under flexure were found in the literature. 

2. Description of the tested beams

A detailed description of the experimental work per-
formed by the authors can be found in a previous article 
(Bernardo et al. 2014). However, a brief description of the 
tested beams and testing procedures is presented below.

nineteen simply supported rC LWAC beams were 
tested until failure. the test setup, the geometry and the 
detail of the reinforcement are illustrated in Figure 1. Hot-
rolled ribbed steel rebars (S400) were used for the rein-
forcement. the concrete cover was 2 cm.

table 1 summarizes some relevant properties of each 
test beam, namely: the effective depth (d) of the cross-
section, the average LWAC compressive strength (flc) and 
dry density (δl), the average Young’s Modulus (Elc), the 
area of longitudinal tensile reinforcement (As) and the re-
inforcement ratio r. The beams were classified into 3 se-
ries, depending on the range of concrete strength.

the mix proportions of the LWAC produced in the 
laboratory and the results from tensile tests carried out on 
samples of steel tensile reinforcement bars can be found 
in Bernardo et al. (2014). the average yielding stress (fy) 
varied between 503 and 575 Mpa, depending on the diam-
eter of the bars. A Young’s Modulus (Es) of 200 Gpa was 
assumed to compute the yield strain values (εy).

Figure 2 illustrates the beam in test position, includ-
ing the location of the external measuring instruments. 
An external grid of demec targets placed on one face of 
the beam, between the load application points, was used 
to measure the strains along the height of the central sec-
tions. Resistance strain gauges were fixed to the longitu-

Fig. 1. Geometry and details of test beams (Bernardo et al. 
2014)
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dinal tensile bars to measure the evolution of strains at 
mid-span of the beam. tests were performed under defor-
mation control.

Figure 3 shows a test beam after failure. except for 
the first beam of each series, with the lower longitudinal 
tensile reinforcement ratio, all beams failed in pure flexion 
(on the central zone) by crushing of concrete on the com-
pression side (upper face).

3. Experimental rotation and deflection curves

the total load (P) – deflection (δ) curves and the moment 
(M) – Curvature (c) curves for each tested beam can be 
found in Bernardo et al. (2014). Figures 4(a) to 4(c) rep-
resent, for each series of beams, the experimental rotation 
(q) – deflection at mid span (δ) graphs. 

each graph shows experimental and theoretical 
curves. the theoretical curves were computed by using a 
theoretical elastic analysis (teA) with homogenized sec-
tion (considering the influence of the reinforcement) and 
a theoretical plastic analysis (tpA) of the tested beams 
(assuming a mechanism). the experimental and theoreti-
cal elastic rotations were obtained by multiplying the cor-
responding curvatures (theoretical and experimental) by 
a length of 1.2h, being h the height of the cross-section 
(Fig. 5). this length, according to eurocode 2 – eC2 (np 
en 1992-1-1 2010), corresponds to the length of the local 
plastic hinge of beams with ductile failure. the theoretical 
elastic curvatures were calculated from the elastic stress 
and strain diagrams, assuming a pure bending state acting 
on the homogenized section of the beams. the theoretical 
elastic deflections of the beams at mid-span were calcu-
lated using tables to compute elastic deflections. Since the 
slopes of the straight lines for the teA are very similar, 
only an average straight line was drawn in the graphs of 
Figures 4(a) to 4(c). to compute the theoretical plastic 
rotation- deflection relationship (Eqn (1)), a global mecha-
nism with a plastic hinge located at the mid-span section 
was assumed (Fig. 6):

table 1. properties of test beams (Bernardo et al. 2014)

Beam series 
(flc-r)

flc
Mpa

δl
kg/m3

Elc 
Gpa

As 
cm2

d 
cm

r = As / bd 
%

1(23.5-0.13) 23.5 1659 16.5 0.56 (2φ6) 27.7 0.13
1(22.8-0.24) 22.8 1685 16.0 1.01 (2φ8) 27.6 0.24
1(22.0-0.38) 22.0 1667 15.8 1.58 (2φ10) 27.5 0.38
1(22.4-0.55) 22.4 1651 17.1 2.26 (2φ12) 27.4 0.55
1(28.5-0.99) 28.5 1659 23.2 4.02 (2φ16) 27.2 0.99
2(45.1-0.13) 45.1 1802 22.8 0.56 (2φ6) 27.7 0.13
2(42.1-0.24) 42.1 1807 23.7 1.01 (2φ8) 27.6 0.24
2(47.1-0.38) 47.1 1809 24.5 1.58 (2φ10) 27.5 0.38
2(49.2-0.55) 49.2 1827 22.7 2.26 (2φ12) 27.4 0.55
2(43.9-0.99) 43.9 1788 23.2 4.02 (2φ16) 27.2 0.99
2(47.0-1.55) 47.0 1791 22.6 6.28 (2φ20) 27.0 1.55
2(43.0-2.03) 43.0 1790 26.0 8.04 (4φ16) 26.4 2.03
3(52.1-0.13) 52.1 1867 26.2 0.56 (2φ6) 27.7 0.13
3(51.2-0.38) 51.2 1879 26.1 1.58 (2φ10) 27.5 0.38
3(52.4-0.55) 52.4 1869 27.7 2.26 (2φ12) 27.4 0.55
3(55.3-0.99) 55.3 1910 26.5 4.02 (2φ16) 27.2 0.99
3(53.4-1.55) 53.4 1877 29.7 6.28 (2φ20) 27.0 1.55
3(60.4-2.03) 60.4 1953 25.9 8.04 (4φ16) 26.4 2.03
3(51.6-2.69) 51.6 1867 16.5 10.30 (2φ16+2φ20) 25.5 2.69

Fig. 3. test beam after failure

Fig. 2. Set-up for testing beam specimen (Bernardo et al. 
2014)
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 2arctan
1200
δ q =  

 
. (1)

the points of the experimental curves q–δ were ob-
tained directly from the experimental values recorded 
during testing. the experimental rotation q represents the 
rotation between the two surrounding sections of the plas-
tic hinge. this rotation was obtained by multiplying the 
experimental curvatures by the length of the plastic hinge 
(1.2h), as also done for the teA. the experimental cur-
vatures were obtained from the experimental strains along 
the height of the sections in the failure zone. these were 
measured from the external grid of demec targets. 

As previously showed by Bernardo et al. (2014), in 
the first beams of each series with the lowest tensile rein-
forcement ratio (table 1), the reinforcement yielded sud-
denly after the first concrete crack occurred. Due to the 
limitation of the measuring instruments, it was not pos-
sible to record accurately the readings for the deformation 
state of these beams until the effective failure of the steel 
bars. For this reason, the results of these beams were not 
used by Bernardo et al. (2014) to study the flexural ductil-
ity. in this sense, these beams were also excluded in this 
study to evaluate the plastic rotation capacity and they 
are not presented in Figures 4(a) to 4(c). Furthermore, the 
tensile longitudinal reinforcement of Beam 3(51.6-2.69) 
didn’t yield before failure (brittle failure), so the behav-
iour of this beam lies entirely in the elastic behaviour. 
For this reason, Beam 3(51.6-2.69) is also not included in 
Figures 4(a) to 4(c).

it should be noted that the experimental rotations 
drawn on the graphs in Figures 4(a) to 4(c) include both 
the elastic and plastic parts of the rotation. therefore, they 
are referred to as total rotations.

Fig. 4. q–δ Curves: (a) Series 1; (b) Series 2; (c) Series 3

 (a) (b) (c)

From Figures 4(a) to 4(c) it can be seen that all 
beams show an almost perfect elastic behaviour during 
a relatively short interval of the deformations. the points 
of the curves from which the experimental values start to 
shift from the theoretical linear response correspond to the 
yielding of the tensile longitudinal reinforcement. When 
these points are reached, the experimental rotation (q) sud-
denly increases and the curve adopt new slopes that lie 
between the two straight lines of the theoretical analyses 
(tpA and teA).

4. Plastic rotation capacity
4.1. Evaluation of the plastic trend parameter
in this section, the experimental and purely plastic behav-
iour of the tested beams is evaluated by analysing the ex-
perimental values for the plastic rotation. An experimental 
parameter, called plastic trend parameter (ptp), was pre-
viously proposed and used in other studies to character-
ize the plastic rotation capacity of nWAC beams. these 
studies included nS and HC concrete beams under pure 
bending (Bernardo, Lopes 2009) as well as similar beams 
with the compressive concrete area confined with internal 
stirrups (Bernardo et al. 2008). Moreover, ptp has also 
been adapted and used to characterize the plastic twist 
capacity of hollow beams under torsion (Bernardo, Lopes 
2013). From these earlier studies, it was found that the 
proposed ptp is very suitable to characterize and study 
the experimental plastic behaviour of rC beams. For this 
reason, PTP was considered sufficiently reliable to be also 
used in the present study to characterize the plastic rota-
tion capacity of the tested LWAC beams under flexure.

in the next paragraphs, a summary of the calculation 
procedure to compute the ptp is presented. 

As previously referred (Section 3), the experimental 
values of the rotations plotted in Figures 4(a) to 4(c) in-
clude the elastic and plastic part of the rotation. in order 
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to study only the plastic part of the rotation, the elastic 
part has to be eliminated from the experimental rotations. 
to achieve this goal, for each tested beam and for each 
deformation step, the elastic rotation computed from the 
teA (Fig. 4) was subtracted from the experimental rota-
tion q. From this calculation, the experimental plastic rota-
tion (qp) – deflection at mid span (δ) graphs are plotted for 
each series of beams in Figures 7(a) to 7(c).

the axes of the graphs in Figures 7(a) to 7(c) are 
non-dimensional for better interpretation and comparison 
purposes. parameter qp,u,th represents the ultimate value 
of the theoretical plastic rotation computed from the tpA 
and corresponding to the ultimate experimental value of 
the deflection (δu).

in the graphs of Figures 7(a) to 7(c), the last value 
for the experimental deflection (δ) and plastic rotation (qp) 
corresponds to a conventional ultimate value for the load 
which is defined from the P–δ graphs. As assumed by 
Bernardo et al. (2014), to study the flexural ductility of 
the same tested beams, in this study it is also assumed that 
the ultimate point on the experimental P–δ curves corre-
spond to the point of intersection between the descending 
branch of the curve with a horizontal line that across at 
the point where the reinforcement start to yield (in the as-
cending branch of the curve). if no intersection is found 
to occur between the aforementioned line and the experi-
mental curve, the ultimate point is simply ascribed to the 
last point on the curve. this criterion considers that below 
the defined ultimate point the beam capacity to sustain 
substantial loads is no longer acceptable. A detailed illus-
tration of this criterion and a discussion about its validity 
to analyse comparatively the flexural ductility among the 
tested beams can be found in Bernardo et al. (2014). Since 
the plastic rotation capacity is related with the flexural 
ductility, the referred criterion is also considered valid to 
perform a comparative analysis of the plastic rotation ca-
pacity between the tested beams.

From the graphs of Figures 7(a) to 7(c), two param-
eters, Cp,exp and Cp,th, are computed. these parameters 
represent the area below the experimental curve (Cp,exp) 
and below the theoretical line corresponding to the tpA 
(Cp,th), respectively. From Figures 7(a) to 7(c), it can be 
seen that the value of Cp,th is constant and equal to 0.5 
for all beams. the ratio Cp,exp/Cp,th is called plastic trend 

Fig. 5. experimental and elastic rotations

Fig. 6. Global plastic mechanism and plastic rotation

Fig. 7. qp–δ Curves: (a) Series 1; (b) Series 2; (c) Series 3

 (a) (b) (c)
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parameter (ptp) and provides an indication of the experi-
mental plastic rotation capacity level compared with the 
theoretical perfectly plastic behaviour (tpA). therefore, 
the higher the value of the ptp the larger the experimental 
plastic rotation capacity for a given beam. the values ob-
tained for the ptp are summarized in table 2. table 2 also 
presents the average compressive strength of the concrete 
(flcm) for each series of beams, to be used latter (Section 4.3).

4.2. Influence of the concrete strength
In order to analyse the influence of the concrete compres-
sive strength on the ptp, table 3 groups the beams as a 
function of their reinforcement ratios (r) and presents the 
average longitudinal tensile reinforcement ratios values 
(rm) for each group. only groups with 3 beams at least 
are presented.

A global analysis of table 3 shows that the plastic 
rotation capacity seems to increase slightly as the concrete 
compressive strength increases.

Figure 8 shows the evolution of the ptp with the 
concrete compressive strength (flc) for Groups i, ii and 
iii (table 3). the graphs also include a line calculated 
with linear regression. the tendencies observed graphi-
cally confirm that, for a constant longitudinal tensile rein-
forcement ratio, the plastic rotation capacity of the beams 
increases slightly with increasing concrete compressive 
strength.

the tendencies observed before are very similar to 
the ones observed by Bernardo et al. (2014) for the same 
tested beams and from the study of the flexural ductil-
ity by using ductility indexes. the above tendencies also 
agree with the ones observed by Bernardo and Lopes 
(2003, 2009) based on the plastic rotation capacity analy-
sis of nWAC beams.

As previously explained by Bernardo et al. (2014), 
the flexural behaviour of RC beams is governed by the 
mechanical percentage of steel reinforcement (rfy/fc). 
Therefore, the flexural ductility increases as the mechani-
cal percentage of steel decreases. Hence, beams with a 
lower longitudinal reinforcement ratio and higher concrete 
compressive strength can have higher ductility than beams 
with a higher longitudinal reinforcement ratio and lower 
concrete compressive strength. Since the plastic rotation 
capacity is related with the flexural ductility, the above 
explanation is also valid to explain the observed tenden-
cies from Figure 8.

4.3. Influence of the tensile reinforcement ratio
The analysis of the influence of the longitudinal tensile re-
inforcement ratio on the ptp requires grouping the beams 
with similar or equal concrete compressive strength (ta-
ble 2).

A global analysis of table 2 shows that, for each 
group of beams, the plastic rotation capacity tends to de-
crease with increasing longitudinal reinforcement ratio. 
this tendency seems to be enhanced for the beams with 
low longitudinal tensile reinforcement ratio. this behav-
iour, already expected, may be explained by a fall in the 
ultimate deformation of the beam as the longitudinal ten-
sile reinforcement ratio increases, thereby causing a fall 
of the plastic rotation capacity. 

Fig. 8. Influence of concrete strength on the PTP

table 2. experimental values of ptp

Beam flcm 
Mpa

r  
(%)

PTP 
(%)

1(22.8-0.24)

23.9

0.24 9.8
1(22.0-0.38) 0.38 5.8
1(22.4-0.55) 0.55 3.2
1(28.5-0.99) 0.99 1.8
2(42.1-0.24)

45.4

0.24 11.2
2(47.1-0.38) 0.38 6.9
2(49.2-0.55) 0.55 4.4
2(43.9-0.99) 0.99 2.7
2(47.0-1.55) 1.55 1.5
2(43.0-2.03) 2.03 0.9
3(51.2-0.38)

54.1

0.38 6.5
3(52.4-0.55) 0.55 3.8
3(55.3-0.99) 0.99 2.6
3(53.4-1.55) 1.55 1.9
3(60.4-2.03) 2.03 0.9
3(51.6-2.69) 2.69 0

table 3. Beams groups with similar reinforcement ratio

Group Beam rm
%

flc
Mpa

PTP
(%)

i
1(22.0-0.38)

0.38
22.0 5.8

2(47.1-0.38) 47.1 6.9
3(51.2-0.38) 51.2 6.5

ii
1(22.4-0.55)

0.55
22.4 3.2

2(49.2-0.55) 49.2 4.4
3(52.4-0.55) 52.4 3.8

iii
1(28.5-0.99)

0.99
28.5 1.8

2(43.9-0.99) 43.9 2.7
3(55.3-0.99) 55.3 2.6
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the above tendencies agree with the ones observed 
by Bernardo et al. (2014) for the same tested beams and 
based on the study of flexural ductility. The above tenden-
cies also agree with the ones observed by Bernardo and 
Lopes (2003, 2009) based on the plastic rotation capacity 
analysis of nWAC beams.

Figure 9 presents the graph showing the evolution 
of the ptp as a function of the longitudinal tensile re-
inforcement ratio r. Beam 3(51.6-2.69) was not includ-
ed because no plastic rotation capacity was observed  
(ptp = 0, see table 2). the graph in Figure 9 also in-
cludes a potential tendency curve, which fit well the ten-
dency of the results. in Section 4.2, it was observed that 
the influence of the concrete compressive strength on the 
plastic rotation capacity is small, so the graph in Figure 9 
includes the results for all groups of beams, regardless of 
concrete strength. despite of this, the different groups of 
beams are identified with their average concrete compres-
sive strength.

The graph in Figure 9 confirms the reduction of the 
plastic rotation capacity as the longitudinal tensile rein-
forcement ratio increases. this reduction is high inasmuch 
as the longitudinal tensile reinforcement ratio increases 
to a value of r ≈ 1.5–2.0%. After this value, the graph 
suggest that the plastic rotation capacity tends to be very 
small or null. 

Again, the above tendencies also agree with the 
ones observed by Bernardo et al. (2014) (flexural duc-
tility of LWAC beams) and Bernardo and Lopes (2003, 
2009) (plastic rotation capacity of nWAC beams). How-
ever, the upper limit for the tensile reinforcement ratio 
reported in the last two references is r ≈ 3.0%. this limit 
is somewhat higher than the one previously observed for 
the LWAC beams analysed in this study. the previous ob-
servations seems to show that the upper limit for the lon-
gitudinal tensile reinforcement ratio compatible with good 
ductility and good plastic rotation capacity is somewhat 
smaller for LWAC beams, when compared with nWAC 
beams.

A comparative analysis of the results presented in 
this section and those in the previous one leads to the 
conclusion that the parameter with higher influence on the 

plastic rotation capacity of the LWAC beams, from the 
two studied, is the longitudinal tensile reinforcement ratio.

5. Comparative analyses with codes requirements

As previously performed by the authors (Bernardo et al. 
2014), this study also aimed to analyse some simplest de-
sign rules intended for the assurance of enough ductility 
in LWAC beams, in the light of the test results described 
in this paper and related with the plastic rotation capac-
ity. the analysis presented in this section is only focused 
in the limitation of the amount of longitudinal tensile re-
inforcement (both maximum and minimum). this sim-
plest approach was previously justified by Bernardo et al. 
(2014) and also successfully used in previous studies fo-
cused on the flexural ductility and plastic rotation capacity 
of rC beams (Bernardo, Lopes 2003, 2004, 2009).

the following codes of practice were analysed: Mod-
el Code 1990 – MC90 (CeB 1990), Model Code 2010 – 
MC2010 (Fib 2010), eurocode 2 – eC2 (np en1992-1-1 
2010) and ACi 318-11 (2011). A detailed discussion on 
the code rules to compute the limits for the amount of 
longitudinal tensile reinforcement for LWAC beams under 
flexure can be found in Bernardo et al. (2014). the equa-
tions from each code of practice, as well as the values 
obtained for the beams, for the maximum and minimum 
longitudinal tensile reinforcement ratios (rmin and rmax) 
are summarized in table 4. 

Table 4 includes the first beams of each series (beams 
with the lowest longitudinal tensile reinforcement ratio) as 
well as Beam 3(51.6-2.69) with ptp = 0 (table 2). the 
incorporation of the first beams of each series is impor-
tant for the comparison because they suffered a premature 
failure due to insufficient reinforcement (bar’s failure), so 
the codes should not allow such beams. Codes should also 
not allow Beam 3(51.6-2.69) which suffers a purely brittle 
failure due to concrete crushing.

From table 4, it can be seen that ACi 318-11 (2011) 
is clearly more restrictive as far as the maximum and mini-
mum amount of longitudinal tensile steel reinforcement 
is concerned. With one exception, all codes do not allow 
Beams 1(23.5-0.13), 2(45.1-0.13) and 3(52.1-0.13). the 
exception is Beam 1(23.5-0.13) that is allowed by MC2010 
(Fib 2010). As previously referred, those beams have not a 
sufficient tensile reinforcement ratio. Then, it can be stated 
that almost all the studied codes provides adequate mini-
mum limits for the longitudinal tensile reinforcement ra-
tio, when applied to the tested LWAC beams. in addition, 
ACi 318-11 (2011) do not allow Beams 1(22.8-0.24) and 
2(42.1-0.24). Such beams have low longitudinal tensile re-
inforcement ratios but they showed to have enough plastic 
rotation capacity. From this point of view, the minimum 
limits for the longitudinal tensile reinforcement ratio speci-
fied by ACI 318-11 (2011) seems to be somewhat exces-
sive when applied to the tested LWAC beams.

As regards the beams with the highest longitudinal 
tensile reinforcement ratios, they are all allowed by the 
european codes. ACi 318-11 (2011) do not allow Beams 

Fig. 9. Influence of reinforcement ratio on the PTP
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2(43.0-2.03) and 3(51.6-2.69). Beam 3(51.6-2.69), with 
ptp = 0, suffered a brittle failure with no inelastic defor-
mation and should not be allowed by the codes of practice. 
From this point of view, the maximum limit for the longitu-
dinal tensile reinforcement ratio specified by ACI318 seems 
to be adequate when applied to the tested LWAC beams.

the previous observations show that, when com-
pared to european codes, ACi 318-11 (2011) provides 
higher guaranty for plastic rotation capacity for the tested 
LWAC beams. this conclusion was also observed by Ber-
nardo et al. (2014) by analysing the same beams and by 
studying the flexural ductility using ductility indexes. As 
already stated by these authors, the higher guaranty from 
ACi 318-11 (2011) to ensure plastic rotation capacity can 

be explained by the inclusion, into the equations, of the 
amount of reinforcement relative to concrete strength. in 
fact, this parameter governs the flexural behaviour of the 
beams. in european codes, the maximum longitudinal ten-
sile reinforcement ratio is only fixed by mean of a con-
stant percentage of the cross section area.

Figures 10(a) to 10(e) present graphically the ptp as 
a function of the longitudinal tensile reinforcement ratio, 
regardless of the concrete strength. the graphs also show 
on the background the range of normative limit values 
rmin and rmax from the codes of practice. Conventional 
points corresponding to the first beams of each series 
were also highlighted (with symbol ×). Since their plas-
tic rotation capacity was not computed, a conventional 

table 4. Limits for the tensile reinforcement ratios

MC90 MC2010 eC2 ACi318

rmin (%) 0.15

 

0.26 lctm

yk

f
f

0.15

 

0.25 1.4 /c
y

y

f
f

f
′

λ ≥

rmax (%) 4h/d 4h/d 4h/d 0.75rb

Beam ptp r
%

rmin
%

rmax
%

rmin
%

rmax
%

rmin
%

rmax
%

rmin
%

rmax
%

1(23.5-0.13) – 0.13 0.15 4.33 0.09 4.33 0.15 4.33 0.35 1.38
1(22.8-0.24) 9.8 0.24 0.15 4.35 0.10 4.35 0.15 4.35 0.35 1.17
1(22.0-0.38) 5.8 0.38 0.15 4.36 0.09 4.36 0.15 4.36 0.35 1.09
1(22.4-0.55) 3.2 0.55 0.15 4.38 0.09 4.38 0.15 4.38 0.35 1.20
1(28.5-0.99) 1.8 0.99 0.15 4.41 0.12 4.41 0.15 4.41 0.35 1.37
2(45.1-0.13) – 0.13 0.15 4.33 0.18 4.33 0.18 4.33 0.35 2.31
2(42.1-0.24) 11.2 0.24 0.15 4.35 0.17 4.35 0.17 4.35 0.35 1.94
2(47.1-0.38) 6.9 0.38 0.15 4.36 0.19 4.36 0.19 4.36 0.35 2.00
2(49.2-0.55) 4.4 0.55 0.15 4.38 0.20 4.38 0.20 4.38 0.35 2.23
2(43.9-0.99) 2.7 0.99 0.15 4.41 0.18 4.41 0.18 4.41 0.35 1.86
2(47.0-1.55) 1.5 1.55 0.15 4.44 0.19 4.44 0.19 4.44 0.35 1.96
2(43.0-2.03) 0.9 2.03 0.15 4.55 0.17 4.55 0.17 4.55 0.35 1.84
3(52.1-0.13) – 0.13 0.15 4.33 0.21 4.33 0.21 4.33 0.35 2.51
3(51.2-0.38) 6.5 0.38 0.15 4.36 0.20 4.36 0.20 4.36 0.35 2.10
3(52.4-0.55) 3.8 0.55 0.15 4.38 0.21 4.38 0.21 4.38 0.35 2.31
3(55.3-0.99) 2.6 0.99 0.15 4.41 0.22 4.41 0.22 4.41 0.35 2.13
3(53.4-1.55) 1.9 1.55 0.15 4.44 0.21 4.44 0.21 4.44 0.34 2.11
3(60.4-2.03) 0.9 2.03 0.15 4.55 0.24 4.55 0.24 4.55 0.37 2.22
3(51.6-2.69) 0 2.69 0.15 4.71 0.20 4.71 0.20 4.71 0.35 2.07

d, h  = effective depth and height of the cross section;

cf ′   = concrete strength in compression; 
flck  = characteristic compressive strength ( 8 Mpalcf − );
flc  = mean value of compressive strength of LWAC;
flctm  = mean tensile strength for LWAC (Section 5.1.5.1 from Fib 2010: 2/30.3( )lctm l lckf f= η  for 50 Mpalckf ≤  and 
            0.4 0.6 / 2200l lη = + δ , where dl is the oven-dry density of the LWAC (kg/m3));
fy, fyk  = mean and characteristic value of the steel yielding stress;
λ  = modification factor to account for LWAC (in this study λ = 0.85, Section 8.6.1 from ACi318 2011);
rb  = longitudinal steel reinforcement ratio that leads to the so-called balanced strain conditions:  
             rb = (0.85 b1 flc / fy) × [600 / (600 + fy)].
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minimum value was assumed. the arrow drawn over the 
points mean that the value of the ptp is actually higher, 
despite these beams should not be allowed.

Figures 10(d) and 10(e) correspond to ACi 318-11 
(2011). Since the maximum tensile reinforcement ratio is 
related to the concrete strength, the corresponding range 
of values will be too large if all the beams were included 
in the same graph. then, two graphs were drawn. Figu-
re 10(d) presents the graph for the beams from Series 1, 
while Figure 10(e) includes beams from Series 2 and 3 
(with similar concrete strengths).

Observing Figures 10(a) to 10(e), it can be confirmed 
that ACi 318-11 (2011) requirements provides more gua-
ranties as far as the plastic rotation capacity is concerned.

Conclusions

in this study, a comparative analysis on the plastic rota-
tion capacity of LWAC beams was presented. the plastic 
trend parameter (ptp) used in this study was found to be 
very suitable to characterize and study the experimental 
plastic rotation capacity of the tested LWAC beams. 

it was observed that, for approximately constant val-
ues of concrete compressive strength, the plastic rotation 
capacity of the beams decreases as the longitudinal re-
inforcement ratio increases. the results also shown that, 
for similar longitudinal tensile reinforcement ratios, an in-
crease in the concrete compressive strength causes a slight 
increase in the plastic rotation capacity.

the results also shown a high reduction on the plas-
tic rotation capacity as the longitudinal tensile reinforce-
ment ratio increases until approximately r ≈ 1.5–2.0%. 
After these values, plastic rotation capacity of the tested 
LWAC beams is very low or null (failure tends to be brit-
tle), regardless of the compressive concrete strength. this 
limit for r is somewhat smaller when compared with the 
same one previously reported by other authors for nWAC 
beams. this seems to show that the range of longitudinal 
tensile reinforcement ratio compatible with plastic rota-
tion capacity are somewhat lower for LWAC beams, when 
compared to nWAC beams. More studies are needed in order 
to clarify this important aspect and, eventually, to propose 
limit values for the reinforcement ratio for LWAC beams.

When comparing the limit values for the amount of 
longitudinal tensile steel reinforcement from different codes 
of practice, it was observed that ACi Code (ACi 318-11 
2011) is more restrictive than the european codes (MC90 
(Fib 1990), MC2010 (Fib 2010) and eC2 (np en1992-1-1 
2010). the difference is more noticeable as far as the up-
per limit is concerned. When compared with the european 
codes, it was observed that ACi Code ensures higher plastic 
rotation capacity for the tested LWAC beams.

the experimental results obtained in this article by 
using the plastic trend parameter (ptp) to study the plas-
tic rotation capacity shown very good agreement with pre-
vious results obtained by Bernardo et al. (2014) for the 
same beams and based on the study of flexural ductility 
by using ductility indexes.

Fig. 10. Graphs r–ptp: (a) MC90 (Fib 1990); (b) MC2010 
(Fib 2010); (c) np en1992-1-1 (2010); (d, e) ACi 318-11 
(2011)

 (a)

 (b)

 (c)

 (d)

 (e)
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