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In this paper, an efficient solution procedure is proposed to 
compute the pre-peak behavior of reinforced concrete (RC) beam 
cross sections under torsion and shear. This calculation procedure 
is based on the combined-action softened truss model (CA-STM), 
which idealizes rectangular RC cross sections as the association of 
four cracked panels. The proposed solution procedure formulates 
the problem as a system of nonlinear equations with constraints to 
be solved using optimization algorithms.

The previsions obtained from this technique are compared with 
some experimental results of RC cross sections under pure torsion 
and torsion combined with shear, where good agreement was 
observed. Moreover, this procedure showed good computational 
efficiency, depicted by its ability to compute the load-deformation 
curves in few seconds.

An analysis of a statically indeterminate structure incorporating 
beams under torsion and shear is also presented, for which a 
considerable decrease of the beam’s torsional stiffness is observed 
under the combined actions.

Keywords: beams; reinforced concrete; shear; softened truss model; 
torsion; torsional stiffness.

INTRODUCTION
For the design of reinforced concrete (RC) framed struc-

tures, it is important to correctly assess the stiffness coeffi-
cients to be used for both the serviceability and ultimate limit 
states. Previous studies1-4 have shown the influence of these 
parameters in the internal forces distribution of statically 
indeterminate structures, as well as the influence of the type 
of internal forces and their interactions on these parameters.

Generally, the computation of the stiffness coefficients is 
not trivial. For instance, the effective torsional stiffness (GC) 
is very sensitive to the geometry of the cross section, to the 
concrete cracking and steel yielding, and can vary consider-
ably as a function of the level of the applied load.

Furthermore, another factor to account for in the analysis 
is the effect of the combination of internal forces acting in 
the cross section (interaction between bending, shear and 
torsion) in the sectional stiffness. This interaction usually 
affects the values of the effective stiffness coefficients, which 
turn to be different from those for cross sections without 
interaction of internal forces. An incorrect assessment of the 
stiffness coefficients can lead to unrealistic distributions of 
the internal forces in statically indeterminate structures.

For structural engineering practice, namely for the ulti-
mate limit states design, it is typical to assume stiffness 
coefficients based on the linear elastic behavior of the struc-
ture multiplied by factors to account for the reduction of 
the moment of inertia of the cross section. This approach 
aims to simplify the calculations and, in general, leads to 
acceptable values of stiffness coefficients for the analysis. 

However, some specific situations exist for which this 
simplified approach cannot be considered acceptable and 
more sophisticated tools are necessary to compute the effec-
tive stiffness coefficients—namely, the effective torsional 
stiffness—to compute realistic internal forces distributions 
for design purposes.

To accurately assess the behavior of RC cross sections, 
the softened truss model for RC members under combined 
actions (combined-action softened truss model, CA-STM) 
due to Greene5 is used for this study. This model allows 
analyzing rectangular RC sections under interaction of 
internal forces by idealizing the cross section as the associa-
tion of four cracked panels.

The proposed solution procedure, based on the CA-STM, 
formulates the problem as a system of nonlinear equations 
with constraints, and constitute a viable tool to compute the 
effective torsional stiffness of RC cross sections to be used 
in structural analysis.

RESEARCH SIGNIFICANCE
To solve the system of equations formulated by soft-

ened truss models, including equilibrium, compatibility, 
and constitutive equations, it is the usual practice to apply 
trial-and-error techniques.5,6 In general, this method tends to 
correctly find the solution. However, when the number of 
estimated parameters is very large, this method loses effi-
ciency and may become impractical.

In this work, an alternative efficient solution procedure is 
proposed for solving the system of equations from CA-STM. 
This methodology formulates the problem as a system of 
nonlinear equations, with constraints, and solves it by using 
optimization algorithms.

COMBINED-ACTION SOFTENED TRUSS 
MODEL (CA-STM)

This section briefly describes CA-STM5 before the proposed 
solution procedure is presented. As stated before, CA-STM 
allows for computation of the pre-peak behavior of RC cross 
sections—namely, the load-deformation curves—based on 
the idealization of the RC beam cross section as the associa-
tion of four cracked concrete panels, as shown in Fig. 1.

The classical theory for closed thin-wall sections under 
torsion assumes that the section resists this force through 
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a constant shear flow along the perimeter of the panels. 
CA-STM assumes the same for both solid and hollow cross 
sections under torsion or under torsion combined with other 
internal forces. Thus, for solid cross sections, the concrete 
core is neglected for torsional strength computation.

The resistance mechanism idealized for each panel of the 
cross section is the variable angle softened truss model for 
shear.6 In this model, both longitudinal and transverse rein-
forcements are in tension, while the diagonal concrete struts 
are in compression.

In CA-STM, the main coordinate system is referred to the 
principal stresses in the plain concrete element and the angle 
between the crack and the longitudinal axis αD,i varies so that 
the concrete contribution to shear resistance is null.

In this study, according with the original CA-STM,5 the 
dowel effect of the reinforcing bars is neglected and perfect 
bond between concrete and reinforcement is assumed. 
Experimental results, obtained by the research group that 
originally developed the softened truss models, have shown 
that these assumptions produced accurate results, especially 
in the pre-peak range.6,7

A basic concept assumed in CA-STM is that stresses and 
strains are characterized by average values along a sufficient 
length of the element to incorporate several cracks. Due to 
the discontinuity created by the cracks, strong variations of 
the behavior occur along the panel. A usual way to overcome 
this problem consist to adopt the concept of average stresses 
and strains, rather than considering stress and strain values 
in specific points of the element.

Idealization of cross section
Among the assumptions made by CA-STM, some of them 

are related to the transformation of the real cross section into 
an idealized cross section,5 as shown in Fig. 2. The original 

cross section of the beam is geometrically defined by param-
eters b and h—the width and height, respectively—and the 
real thickness ti of each wall (for hollow cross sections), 
where index i refers to the numbering of the panels.

CA-STM uses the geometry of the shear flow in the cross 
section to set the thicknesses of the four idealized concrete 
panels tD,i. CA-STM assumes that the center line of the shear 
flow coincides with the axes of the panels and is geometrically 
defined by parameters b0, h0, and A0 (the width, height, and 
area enclosed by the center line of the shear flow, respectively).

As an RC beam deforms under torsion, the faces of the 
beam, initially flat, become curved and assume a hyper-
bolic paraboloid shape. This causes bending in the concrete 
struts.5 CA-STM considers this effect via a linear gradient 
of the principal compressive strains in the panels (εD,i). The 
strains related to the external and internal faces of the struts 
are represented by εDS,i and εA,i, respectively. There are four 
possible profiles for the strain diagram along the thickness 
of the strut,5 as can be seen in Fig. 3. Based on this figure, it 
can be stated that εD,i is equal to the arithmetic mean between 
εDS,i and εA,i (Eq. (1)) and the curvature of the strut for each 
panel ψi can be computed according to Eq. (2).
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To systematically define the parameters that characterize 
the distribution of the strains in the concrete struts for each 
case, a dimensionless parameter zi is introduced according 
to Eq. (3) and (4). The allowable ranges for zi distinguish the 
strut behavior for each of the four cases illustrated in Fig. 3. 
For the present study, parameter zi was chosen to range 
between 0 and 3, although an interval between 0 and 300 was 
originally proposed.5 This is in line with the general recom-
mendations of scaling of variables in numerical methods to 
reduce the risk of ill-conditioned matrixes. This option has 
no influence on the results.
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Fig. 1—Real and idealized cross sections.

Fig. 2—Idealization of cross section.

Fig. 3—Strain distribution in concrete strut.
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The calculation of the equivalent steel areas for each 
panel constitute an important step to formulate the problem 
according to CA-STM. A detailed description of the criteria 
used in CA-STM to define the equivalent steel areas can be 
found in Greene5 and Silva.8

CA-STM considers that the idealized cross sections resist 
shear forces through constant shear flows along the panels. 
According to the adopted sign convention, counter-clock-
wise shear flow around the perimeter of the section is 
considered positive,5 as shown in Fig. 4. The shear flow 
due to torsion follows the assumptions of classical strength 
of materials—namely that all four panels contribute to the 
resistance. For the shear flow due to shear forces, CA-STM 
assumes that only the two panels parallel to the loading 
direction contribute to resistance. For a shear force VY, 
only the odd-numbered panels (1 and 3) contribute, while 
for a shear force VZ, only the even-numbered panels (2 and 
4) contribute. Because CA-STM assumes a uniform distri-
bution for the shear flow along the panels, the interaction 
between torsion and shear can be simply considered through 
the sum of each shear flow (qi) (Eq. (5)).

 q
T
A

V
h

X Y
1

0 02 2
= +  (5a)

 q
T
A

V
b

X Z
2

0 02 2
= +  (5b)

 q
T
A

V
h

X Y
3

0 02 2
= −  (5c)

 q
T
A

V
b

X Z
4

0 02 2
= −  (5d)

Finally, the shear stress τLT,i can be computed by dividing 
the shear flow from each panel (Eq. (5)) by its thickness, as 
stated in Eq. (6).

 τLT,i = qi/tD,i (6)

CA-STM assumes that the idealized cross section resists 
bending moments (MY and MZ) and axial force (NX) through 
normal stresses uniformly distributed along the face of each 
panel (σL,i). Figure 5 illustrates this assumption for a bending 
moment MZ for Panels 2 and 4.5 Based on this assumption, 
it is possible to relate the normal stresses on the panels with 
the applied bending moments and axial force according to 
Eq. (7), (8), and (9).
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 NX = σL,1(tD,1h0) + σL,2(tD,2b0) + σL,3(tD,3h0) + σL,4(tD,4b0)   (9)

Equilibrium and compatibility
The resistance mechanism of the panels assumed by 

CA-STM is the same as the one assumed in the variable 
angle softened truss model for shear.6 Therefore, the equilib-
rium and compatibility equations are the same

 σ σ α σ αL i D i D i R i D i L i L i d i if A t w, , , , , , , , ,cos ( ) sin ( ) ( )= + + ( )2 2
0  

(10)
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 τ σ σ α αLT i R i D i D i D i iq. , , , ,( ) sin( ) cos( )sin( )= −  (12)

 γ ε ε α αLT i R i D i D i D i iq. , , , ,( ) sin( ) cos( )sin( )= −2  (13)

 ε ε ε εT i R i D i L i, , , ,= + −  (14)

Parameter σT,i represents the transverse stress in each panel, 
while σR,i and σD,i are the principal tensile and compressive 
stresses in the concrete, respectively. The unknowns fL,i and 
fT,i are the tensile stresses in the longitudinal and transverse 
reinforcement, respectively, and s is the longitudinal spacing 
of the transverse reinforcement. Parameter γLT,i represents 
the shear strain in the panels, while the term sin(qi) consti-
tutes a tool to ensure compliance of some parameters with 
the shear flow qi. Parameters εR,i, εL,i, and εT,i are, respec-
tively, the principal tensile strain and the longitudinal and 
transverse strain in the panels.

Fig. 4—Shear flows.

Fig. 5—Normal stress distribution for Panels 2 and 4.
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Constitutive relationships
According to Greene,5 the evolution of the concrete 

compressive stress can be modeled in CA-STM according 
to Eq. (15), in which fck is the characteristic compressive 
strength of the concrete and k1,i is a dimensionless parameter 
that accounts for the non-uniformity of the strain distribution 
in the concrete struts, as defined in Eq. (16). Parameter εo 
represents the strain corresponding to the peak stress.
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Parameter ζi is known as the softening coefficient. This 
parameter is used to account for the decreasing of concrete 
resistance due to the tensile stresses acting perpendicularly 
to the struts. In this study, parameter ζi is computed from 
Eq. (17).9

 ζ
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+

0 9
1 600

.

,

 (17)

The constitutive relationship for concrete under tension 
is defined and based on two behavioral stages: before and 
after the cracking. Prior to the cracking, concrete shows a 
linear-elastic behavior, Eq. (18), until the cracking stress fcr 
is reached (Eq. (19)).
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Parameters Ag and Acp represent the gross area and the 
external area (limited by the outer perimeter) of the concrete 
cross section, respectively, while εcr is the tensile strain 
corresponding to the cracking stress fcr (the value 0.1 × 10–3 
is usually adopted).

After cracking, tensile stress decreases as the tensile 
strain increases. Greene10 proposed three shapes to charac-
terize the descending branch of the curve: linear, quadratic, 
and exponential. In this study, the exponential curve was 
chosen because it is more convenient for the used numerical 
methods, Eq. (20).

 σ ε εR i cr R i crf, ,exp= − −( ) 350  (20)

Tensile concrete stresses σR,i, usually neglected in other 
truss models, is important to be considered in this study 

because it allows CA-STM to better estimate the behavior of 
the cross section for service loading.

The perfect elastic-plastic curve constitutes a simple 
option for the constitutive relationship for the tensile steel 
and provides good results when truss models are used. 
However, to avoid discontinuity in the first derivative of the 
curve corresponding to the yielding point, which may cause 
convergence problems for solving the model, it is conve-
nient to regularize the curve. For this reason, the curve used 
in this study is based on the function proposed by Ramberg- 
Osgood,11 Eq. (21), in which the SS index can be replaced 
by L or T for the longitudinal and transverse reinforcement, 
respectively. Parameter ES is Young’s Modulus for steel and 
εSy is the yielding strain.
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Compatibility between deformations of panels
In addition to the assumptions described previously, 

CA-STM also requires that certain conditions for the compat-
ibility among the four idealized panels must be considered. 
These additional conditions are established and based on the 
longitudinal curvatures (ϕL,13 and ϕL,24) and transverse curva-
tures (ϕT,13 and ϕT,24) of the cross section.

The difference between the longitudinal strains of Panels 1 
and 3 causes curvature ϕL,13 with respect to the y-axis. Curva-
ture ϕT,13 can be obtained based on the transverse strains of 
the same panels. Similarly, it is possible to determine the 
curvatures ϕL,24 and ϕT,24 based on the longitudinal and trans-
verse strains of Panels 2 and 4
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CA-STM assumes that the longitudinal strains in the four 
panels are related together based on a linear gradient. There-
fore, the following relationship can be defined (Eq. (26)).

 εL,1 + εL,3 = εL,2 + εL,4 (26)
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Because CA-STM allows consideration of combined 
actions, in addition to the curvature in the struts due to 
torsion, it is necessary to compute additional curvatures due 
to other sources—namely, longitudinal curvatures (ϕL,13 and 
ϕL,24) and transverse (ϕT,13 and ϕT,24) curvatures in the panels. 
Equation (27) allows for the computation of the curvature 
in the struts for the case of interaction between internal 
forces,12 where

 φ φ φ φ φL i L L L L, , , , ,= − − 13 24 13 24  

and
 φ φ φ φ φT i T T T T, , , , ,= − − 13 24 13 24  

are the vectors of the longitudinal and transverse curvatures, 
respectively.

 ψ θ α φ α φ αi D i L i D i T i D i= + +sin( ) cos ( ) sin ( ), , , , ,2 2 2  (27)

The twist of the cross section can be computed from the 
shear strains in the panels, according to Eq. (28).
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Additional equations
By using some trigonometric relationships together with 

the compatibility equations, the angle αD,i for the panels can 
be obtained as function of the principal, longitudinal, and 
transverse strains in the panels
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The previous equations have particular importance in the 
proposed solution procedure because they allow eliminating 
the angle αD,i from the system of equations to be solved. This 
contributes to the numerical stability of the solution process.6

During the solution procedure, some parameters related 
to the cross section, such as the gross area of concrete (Ag), 
external perimeter (pcp), section area (Acp), width and length 
of the axis of the shear flow (b0 and h0, respectively), and 
area enclosed by the shear flow (A0) can be calculated using 
Eq. (32), Eq. (33), Eq. (34), Eq. (35), Eq. (36), and Eq. (37), 
respectively.
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 A0 = b0h0 (37)

PROPOSED SOLUTION PROCEDURE
In this section, alternatively to the original trial-and-error 

scheme adopted by Greene,5 a new and more efficient solu-
tion procedure for the nonlinear system of equations of 
CA-STM is proposed.

Selected primary variables
It is known that the behavior of cracked RC panels under 

in-plane (membrane) forces can be modeled in terms of 
the concrete principal strains (εD,i and εR,i) and the angle 
between the direction of the principal compressive axis and 
the longitudinal direction (αD,i). However, when a panel 
undergoes bending, it is necessary to also consider the effect 
of the curvature of the element (ψi) in the analysis procedure. 
Therefore, because CA-STM idealizes RC cross sections as 
the combination of four panels with curvature and because 
each panel is analyzed with four primary variables, it can be 
stated that the behavior of the full cross section is defined by 
16 unknowns, which are εD,i, εR,i, αD,i, ψi for i = 1…4.

To improve efficiency, some primary variables are 
replaced by equivalent, more convenient alternatives for the 
proposed solution process. The details of the criteria used to 
replace the primary variables can be found in Silva.8 In the 
proposed procedure, the new unknowns are the following: 
εDS,i, εR,i, εL,i, zi for i = 1…4.

It is worth mentioning that strains εDS,i, εR,i and εL,i have their 
values multiplied by 1000 for numerical reasons mentioned 
previously. This change has no influence on the results.

The proposed solution technique may be summarized as 
follows. Assume a fixed value for the strain εDS,1 and instead 
of setting the values of the internal forces acting in the cross 
section, establish constant ratios between the other five 
internal forces to the torsional moment (NX/TX, VY/TX, VZ/
TX, MY/TX, and MZ/TX). From this, TX substitutes εDS,1 as a 
primary variable and the internal forces vary proportionally 
as the torsional moment increases. Thus, the new primary 
variables are the following ones: [TX, εDS,j, εR,i, εL,i, zi] for i = 
1…4 and j = 2…4.

Because the torsional moment is regarded as another 
unknown for the problem, it is also necessary to scale this 
variable. This is done by dividing TX to the cracking torque 
of the cross section13 (Eq. (38))

 T f
A
pCR ck
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The proposed new solution procedure can be presented 
as follows. Given the geometry of the real cross section (ti, 
b, and h), the equivalent longitudinal and transverse rein-
forcement in each panel, the mechanical properties for the 
concrete (EC, fck, εo, and εcr) and steel (ES, fLy, and fTy), the 
ratios of the acting internal forces to the torsional moment 
(NX/TX, VY/TX, VZ/TX, MY/TX, and MZ/TX) and the initial strain 
εDS,1, determine the variables TX, εDS,2, εDS,3, εDS,4, εR,i, εL,i, 
and zi, which solves the nonlinear system of 16 equations, 
FCA – STM = 0, within an acceptable tolerance (Tol). FCA – STM is 
a vector-valued function defined in Eq. (39). The proposed 
numerical procedure solves the system by minimizing the 
norm, ||FCA – STM||, subject to constraints, 0 ≤ zi ≤ 3, i = 1…4. 
This is formulated as a constrained nonlinear least-squares 
problem, where FCA – STM is a residual or misfit function, 
whose 16 elements must be driven to zero.

Residual function
Basically, the elements of the residual vector function repre-

sent the original equations of the CA-STM trial-and-error solu-
tion procedure.5 The only differences are the use of scaled vari-
ables and a regularized steel stress/strain curve, for numerical 
reasons. The basis for the formulation of the elements of the 
residual function defined in Eq. (39) is given in Table 1.
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where i = 1…4.

Additional conditions to improve efficiency
It was observed that the procedure can be improved to find 

a coherent solution for the problem by imposing two addi-
tional conditions during the analysis.

The first one is related to the maximum thickness of each 
panel ti for the case of plain cross sections. Instead of using 
the original recommendation5 for solid cross sections, which 
consists of assuming the maximum thickness equal to half the 
width of the cross section, it was observed that it is better to 
limit this parameter to tlim (Eq. (40)) according to NBR-6118.14 
With this modification, the numerical procedure solution pres-
ents consistent solutions and becomes more stable.

 t
A
p
cp

cp
lim =  (40)

The second condition consists of decreasing the order of the 
nonlinear system of equations by using the symmetry from 
the problem of rectangular cross sections under pure torsion. 
For this particular problem, it is possible to reduce the order 

by equating the dimensionless parameters zi between oppo-
site panels if symmetry exists for the longitudinal reinforce-
ment and the thickness. By applying this condition, the order 
of the system can be decreased from 16 to 14 equations for 
cross sections with double symmetrical reinforcement and 
under pure torsion. Obviously, for this particular problem, 
it is possible to reduce the order of the system even more. 
However, from the performed analysis, it was observed that 
the previous reduction is sufficient to provide coherent solu-
tions with acceptable computation time.

Initial estimate for solution
The proposed procedure uses the results obtained from a 

linear elastic model for a plain concrete panel under pure 
shear8 as an estimate for the first point of the solution (point 
of the torque – twist diagram).

Because this idealized element represents each of the 
four panels, the initial values for the corresponding primary 
variables for different panels will be the same. As a result, 
the initial values assumed for the compressive strains at the 
external side of the panels, ε0

DS,i, will agree with the value 
εDS,1 previously assumed.

On the other hand, the initial estimates of the other primary 
variables are derived according to Mohr’s circle, considering 
a linear elastic behavior. For parameter zi

0, an average value 
is assumed in the range 0 ≤ zi ≤ 3. For this study, the value 1 
was chosen as a convenient initial intermediate estimate for zi.

Proposed algorithm
Based on the aforementioned, the proposed solution 

procedure is presented in Fig. 6. To start the procedure, the 
following parameters must be specified: the tolerance for the 
objective function (Tol), the maximum compressive strain 
for concrete (εDS,MAX) and the maximum number of points to 
be computed (nmax).

The initial estimate for the first solution point is based on 
a linear elastic model.8 For the other solution points, the last 
computed solution is considered. The process is repeated 
until one of the stopping criteria is reached: the maximum 
strain exceeds the limit ( ε εDS

k
DS, ,1

1+ > MAX ), the maximum 
torsional moment is reached (T TX

k
X
k< −1) or the index 

representing the number of solution points to be calculated 
reaches the specified maximum value (k = nmax).

Table 1—Formulation of elements of residual 
function

Element Formation

FCA – STM(i) Transverse stresses between panels in Eq. (11) are 
considered zero

FCA – STM(i + 4) Panel curvatures computed with Eq. (2) must agree 
with Eq. (27)

FCA – STM(i + 8) Shear stresses computed with Eq. (6) must agree with 
Eq. (12)

FCA – STM(13-15) Balance between stresses and stress resultants of 
Eq. (7) through Eq. (9)

FCA – STM(16) Compatibility of longitudinal panel deformations 
from Eq. (26)
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COMPARISON OF PREDICTIONS AND 
EXPERIMENTAL RESULTS

To verify the effectiveness of the proposed solution proce-
dure, some experimental data were selected from the litera-
ture—namely, for beams with solid and hollow cross sections 
under pure torsion and under torsion combined with shear.

For pure torsion, Beams N-06-0615 (plain cross section) 
and A-54.8-1.3116 (hollow cross section) were selected. For 
torsion combined with shear, Beam RC2317 (plain cross 
section) was selected. Table 2 summarizes the main charac-
teristics of the referred tested beams.

For the proper functioning of the procedure and effec-
tiveness of the stopping criteria, it is necessary to define 
some analysis specifications. Parameters εDS,1.initial and ΔεDS,1 
were considered equal to 10–5, while the value adopted for 

εDS.MAX, 3.5 × 10–3, agrees with Greene5. Parameters nmax and 
Tol were defined as 400 and 10–8, respectively.

In this study, numerical and experimental results are 
compared through torque-twist curves. Comparisons are 
performed with respect to the shape of the curves, as well 
as the ultimate torsional stiffness GCULT and the ratio of this 
parameter to the elastic torsional stiffness GCELAS, which is 
known as the torsional stiffness reduction factor (TSRF).

Figures 7, 8, and 9 present the experimental and numer-
ical torque-twist curves for the selected beams. From these 
figures, it can be stated that the proposed solution procedure 
is able to accurately assess the relationship between the 
torsional moment and the twist for the selected tested beams.

Furthermore, in Fig. 9, the proposed procedure is also 
compared with the original trial-and-error approach,5 where 

Fig. 6—Flowchart of proposed procedure.

Table 2—Characteristics of selected beams

Fang and Shiau15 Bernardo and Lopes16 Rahal and Collins17

Experiment N-06-06 A-54.8-1.31 RC-23

Loading
Type Pure torsion Pure torsion Torsion + shear

TX/VY, in. (m) 0 0 48 (1.221)

Geometry of section

Width, in. (cm) 13.78 (35) 23.62 (60) 13.39 (34)

Height, in. (cm) 19.69 (50) 23.62 (60) 25.20 (64)

Thickness, in. (cm) Plain cross section 4.11 (10.43) Plain cross section

Reinforcement
Longitudinal, in.2 (cm2) 1.86 (12) 3.68 (23.75) 11.63 (75)

Transversal, in.2/in. (cm2/m) 0.028 (7.1) 0.044 (11.22) 0.031 (8)

Compressive concrete strength, ksi (MPa) 5.15 (35.5) 7.95 (54.78) 6.09 (42)

Yielding stress for  
reinforcement, ksi (MPa)

Longitudinal 63.82 (440) 105.0 (723.89) 69.62 (480)

Transversal 63.82 (440) 103.7 (714.83) 67.59 (466)

Ultimate compressive strain for concrete (1/1000) 2.12 2.42 2.25
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good agreement is observed mainly in the ultimate stage. 
The small differences are attributable to the larger number 
of behavior points in the proposed curve and much tighter 
tolerance on the residual function.

Table 3 compares the experimental stiffness and TSRF 
values with the same ones obtained from the CA-STM and 
also with the theoretical elastic torsional stiffness computed 
from the classical theory of strength of materials.18 From 
Table 3, it can be stated that the elastic stiffness values from 
the proposed solution procedure agree, with reasonable 
accuracy, with the theoretical and experimental ones. This 
good result can be justified because CA-STM directly incor-
porates in its formulation the constitutive relationship for the 
tensile strength of concrete.

Finally, in addition to the good precision previously 
observed, the computational efficiency of the proposed 
procedure must also be highlighted. The average processing 
time to perform all the steps of the solution procedure 
(computing the solution of the nonlinear system for almost 

400 points) was approximately 15 seconds, with the use of a 
processor at 2.50 GHz.

From the previous results, it can be stated that the associ-
ation of the proposed solution procedure with CA-STM is 
an effective tool to analyze RC cross sections under torsion 
and shear.

EXAMPLE OF APPLICATION
This section presents a real case in which the proposed 

procedure was applied. The example consists to verify the 
structural safety of a ring RC structure supporting a storage 
tank.19 Figure 10 shows a three-dimensional (3-D) view of 
the structure and a plan view of the composing elements, 
where all members have rectangular cross sections whose 
dimensions are given in centimeters, with notation base/
height: beams 60/148 and columns 50/60.

In addition to the own weight of the structure, a linear 
loading equal to 36.66 k lbf/ft (535 kN/m) acting along the 
axis of the curved beams, due to the weight of the stored 
liquid, structure of the tank, and other equipments, was also 
considered for the analysis. The columns have a length equal 
to 18.5 ft (5.65 m) and were considered fully restrained on the 
foundation. The compressive concrete strength fck was consid-
ered equal to 4.351 ksi (30 MPa) and the characteristic yield 
stress of the reinforcement equal to 72.519 ksi (500 MPa).

From Fig. 10, it can be concluded that the structure is stati-
cally indeterminate and the beams are under equilibrium torsion 
due to their curvatures in the horizontal plane. In this kind of 
RC structures, the torsional stiffness GC of the beams, which 
vary significantly as the loading increases, as shown in the 
previous torque-twist curves, highly influences the distribution 
of the internal forces. For this reason, it can be stated that esti-
mating correctly the internal forces diagram is not trivial.

Table 4 includes some results from the structural analysis 
performed with the ring RC structure, for which the TSRF 
of the beam varied. These results show that the distribution 
of the internal forces, namely the bending moments in the 
columns, shows high dependence to the TSRF due to the 
consequent redistribution of the internal forces.

Fig. 7—Torque-twist curve, Fang and Shiau15. (Note: 1 
kN.m = 0.737 kip.ft; 1 rad/m = 0.305 rad/ft.)

Fig. 8—Torque-twist curve, Bernardo and Lopes.16 (Note: 
1 kN.m = 0.737 kip.ft; 1 rad/m = 0.305 rad/ft.)

Fig. 9—Torque-twist curve, Rahal and Collins.17 (Note: 
1 kN.m = 0.737 kip.ft; 1 rad/m = 0.305 rad/ft.)
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To compute the effective TSRF for the curved beam, the 
calculation procedure proposed in this study was used both 
for pure torsion and for torsion combined with shear, as 
shown in Fig. 11. From this figure and also from Table 5, 
it can be seen that the stiffness is highly reduced when both 
torsion and shear act together.

Regarding the computational efficiency, the average 
processing time to perform all the solution procedures was 
maintained equal to 15 seconds.

From the previous results, it can be concluded that the 
interaction between torsion and shear highly influences the 
torsional stiffness of RC cross sections.

CONCLUSIONS
In this paper, an efficient solution procedure, based on 

CA-STM, was proposed to model the behavior of rectan-
gular RC cross sections under torsion and shear. From the 
results obtained through this study, the following conclu-
sions are drawn:

1. The actual behavior of RC cross sections under torsion 
combined with shear must be properly estimated to assess 
the effective torsional stiffness used for structural analysis—
both for the serviceability and ultimate limit states.

2. In previous studies, softened truss models are tradition-
ally solved using the trial-and-error method. In this study, a 
more efficient solution procedure was developed by using the 
technology of solving nonlinear systems of equations with 
constraints. With this procedure, it was possible to compute 
accurately the torque-twist curves of RC cross sections in a 
few seconds—both for sections under pure torsion and under 
torsion combined with shear.

3. For CA-STM, the problem can be formulated in terms 
of a nonlinear system of 16 equations and 16 unknowns. The 
proposed procedure was applied to experiments found in 
the literature and the obtained results agreed well with the 
experimental ones.

4. By using the proposed procedure to a real case, the 
significant influence of shear in reducing the torsional stiff-
ness of RC cross sections is demonstrated.

Table 3—Comparison between TSRFs for selected beams

Fang and Shiau15 Bernardo and Lopes16 Rahal and Collins17

Test N-06-06 A-54.8-1.31 RC-23

Elastic torsional stiffness,  
106 kip.in.2 (kN.m2)

Theoretical 16.71 (47,949) — 25.07 (71,943)

Experimental 8.32 (23,867) 30.71 (88,147) 22.76 (65,320)

CA-STM 11.85 (34,007) 48.11 (138,073) 23.90 (68,603)

Ultimate torsional stiffness, 
106 kip.in.2 (kN.m2)

Experimental 0.48 (1375) 3.20 (9193) 1.76 (5041)

CA-STM 0.57 (1634) 3.09 (8860) 1.42 (4063)

Torsional stiffness reduction 
factor (TSRF)

Experimental 5.8% 10.4% 7.7%

CA-STM 4.8% 6.4% 5.9%

Fig. 10—Example of application (cm). (Note: 1 cm = 0.394 in.)

Table 4—Comparison between internal forces as 
function of TSRF

Torsional stiffness 
reduction factor 

(TSRF)

Maximum torsional 
moment in beams,  

kip.ft (kN.m)

Maximum bending 
moment in columns, 

kip.ft (kN.m)

100% 156.8 (212.6) 33.12 (44.9)

15% 132.06 (179.0) 118.82 (161.1)

1% 76.49 (103.7) 319.73 (433.5)

Fig. 11—Torque-twist curve. Example of application. (Note: 
1 kN.m = 0.737 kip.ft; 1 rad/m = 0.305 rad/ft.)

Table 5—Influence of shear on torsional stiffness

Pure torsion Torsion + shear

Elastic torsional stiffness,  
106 kip.in.2 (kN.m2)

223.79  
(642,260.9)

271.61  
(779,488.2)

Ultimate torsional stiffness,  
106 kip.in.2 (kN.m2)

17.93  
(51,448.1)

9.16  
(26,289.1)

Torsional stiffness reduction factor 
(TSRF) 8.0% 3.4%
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NOTATION
A0 = area enclosed by center line of shear flow
Acp = external cross section area
Ag = gross cross section area
b = cross section width
b0 = width of center line of shear flow
ES = Young’s modulus for steel
FCA – STM = residual function
fck = characteristic compressive strength of concrete
fcr = tensile cracking stress
fL,i = stress in longitudinal reinforcement in panel i
fT,i = stress in transversal reinforcement in panel i
GC = effective torsional stiffness
GCELAS = elastic torsional stiffness
GCULT = ultimate torsional stiffness
h = cross section height
h0 = height of center line of shear flow
i = index that refers to numbering of panels
k = number of solution points
k1,i = parameter of nonuniformity of strain distribution
L = longitudinal axis
MY = bending moment in Y-axis
MZ = bending moment in Z-axis
NX = axial force in the X-axis
nmax = maximum number of solution points
pcp = external perimeter
qi = shear flow
SS = index that represents reinforcement direction
s = longitudinal spacing of transverse reinforcement
T = transversal axis
TCR = cracking torsional moment
TX = torsional moment in X-axis
Tol = residual function tolerance
tD,i = idealized thicknesses of panel i
ti = real thickness of panel i
tlim = thickness limit
VY = shear force in Y-axis
VZ = shear force in Z-axis
w0,i =  width of panel (equal to b0 for Panels 2 and 4, and equal to 

h0 for Panels 1 and 3)
zi = dimensionless parameter that defines strut geometry
zi

0 =  initial linear estimative assumed for dimensionless param-
eter in panel i

αD,i = angle between crack and longitudinal axis in panel i
ΔεDS,1 = increment in compressive strain
εA,i = compressive strains in internal face of panel i
εcr = tensile cracking strain
εD,i = principal compressive strains in panel i
εDS,i = compressive strains in external face of panel i
ε0

DS,i =  initial linear estimative assumed for compressive strains in 
panel i

εDS,1,initial = initial value for compressive strain
εDS,MAX =  maximum strain limit
εL,i = longitudinal strain in panel i
εo = strain corresponding to peak stress
εR,i = principal strain in panel i

εSy = steel yielding strain
εT,i = transversal strain in panel i
ϕL,13 = longitudinal curvature between panel 1 and 3
ϕL,24 = longitudinal curvature between panel 2 and 4
ϕL,i = longitudinal curvature
ϕT,13 = transverse curvature between panel 1 and 3
ϕT,24 = transverse curvature between panel 2 and 4
ϕT,i = transverse curvature
γLT,i = shear strain in panel i
θ = twist angle
σL,i = longitudinal stress in panel i
σT,i = transversal stress in panel i
σR,i = principal tensile stress in panel i
σD,i = principal compressive stress in panel i
τLT,i = shear stress
ψi = curvature of strut for panel i
ζi = softening coefficient
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